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Abstract 

Let k be a finite field of characteristic p, I a prime number distinct to p, ip : k — > Q ; a nontrivial 
additive character, and \ : k* n — ► Q ; * a character on k* n . Then ip defines an Artin-Schreier sheaf 
C^p on the affine line Ajf,, and \ defines a Kummer sheaf IC X on the n-dimensional torus T£. Let 
/ G k[Xi,X^ , . . . ,X„, JT" 1 ] be a Laurent polynomial. It defines a fc-morphism / : TJ? — * AL 
In this paper, we calculate the dimensions and weights of 7J*(T^,/C X (8 /*£i/>) under some non- 
degeneracy conditions on /. Our results can be used to estimate sums of the form 

where Xij ■ • ■ : k* —* C* are multiplicative characters, ip : k — > C* is a nontrivial additive 
character, and /i, . . . , / m , / are Laurent polynomials. 
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0. Introduction 



Let k be a finite field with q elements of characteristic p, let %i, . . . , Xm ■ k* —> C* be nontrivial 
multiplicative characters, let ip : k — » C* be a nontrivial additive character, and let 

fi(Xi, . . . , x n ), . . . , f m (Xi, . . . , X n ), f(Xi, . . . , X n ) e k[Xi,X x , X n , X n x ] 
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be Laurent polynomials. We make the convention that Xi(0) = (i — 1, . . . , to). In number theory, 
we are often lead to study the sum 

Sl= Xl{h{x 1 ,...,X n ))---Xm{fm{x 1 ,...,X n ))i}{f{xi,...,X n )). 

For this purpose, let's consider another sum 

ip {f{x ll ...,x n ) + x n+l f l (x ll . . . , x n ) H h x n+m f m ( Xl , . . .,x n )) . 

We have 
S 2 

= Y X! (Xl 1 (Xn+l)^(x n +lfl(xi,...,X n )))---(Xm( x n+ m )^(x n + m f m (xi,... 

efc* 

tpifiX!, . . .,X n )) 

= I Xl 1 (Xn+l)'>P(Xn+lfl(xi,... 1 X n ))\ ■■■ \ ^ Xm (x„+ m )lp(x n+m fm(xi 

1p(f(X!, . . .,X n )). 

For i = 1, . . . , m and x\, . . . ,x n E k*, if fi(x\, . . . ,x n ) — 0, we have 

Y x7 1 (x n +i)^(x n+t Mx 1 , . . .,x n )) = 0; 

n-\- i £ k 

if fi(xi, . . . , x n ) 0, we have 



XI *i 1 (x n+l )^(x n+t Mx 1 ,...,x n )) = Xi 1 ( , ■/ ^ — ^ryj 

= Xi(/i(zi,---,2V t ))G(Xi,V ; ). 

where 

is the Gauss sum. So in any case, we have 

X Xs^Zn+iMZn+i/iOci, . . .,!„)) = XiCfiOd, ■ ■ ■ , X n ))G(Xi, # 



ip(x) 



Hence 

S 2 = Xl(fl(xi,---,X n ))G(xi,ll>)---Xm{fm(xi,...,X n ))G(XmA)^(f(xi,---,X n )) 
x±....,x n Gk* 

= G(xi,^)"-G(xm,V)Si. 

As the Gauss sums are well- understood, the study of Si is reduced to the study of S 2 - 
In this paper, we use /-adic cohomology theory to study sums of the form 



X! Xl(xi) ■ ■■Xn(x n )l/)(f(xi, . . . ,X n )), 



where Xi> • • • )Xn are multiplicative characters (nontrivial or trivial). Note that S 2 is of this form. 
Our results complete those in [DL], where the case of trivial Xi 1S treated. We follow the approach 
initiated by Denef and Loeser. 

We first associate geometric objects to the above data. The Kummer covering 

[g - 1] : TjJ - T£, x - x^ 1 

on the torus T£ = Spec k[Xi, Xf 1 , . . ^X^X' 1 ] defines a T"(fc)-torsor 

1 - T)J(fc) - T£ ^ T£ - 1, 

where T£(fc) = Hom fc (Spec fc, TJJ) is the group of fc-rational points in T£. Fix a prime number I 
distinct to p. Let x '■ T£(fc) = k* n — > be a character. Pushing-forward the above torsor by 
X -1 , we get a lisse Q r sheaf /C x on TJJ of rank 1. We call K x the Kummer sheaf associated to x- 
For any rational point x in T£(fc') = Homfe(Spec k' , TjJ) with value in a finite extension k' of A;, 
we have 

Tr(F x ,(IC x ) s ) = x(Norm fe7fc (x)), 

where is the geometric Frobenius element at x. 
The Artin-Schreier covering 

defines an Aj,(fc)-torsor 

- Ai(fc) - A£- 0, 
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where A^(fc) = Honifc(Spec k, A£) is the group of /c-rational points in Ajf,. Let ip : A^(fc) = k — > Q ; 
be an additive character. Pushing-forward this torsor by , we get a lissc Q ; -sheaf of rank 1 on 
A^, which we call the Artin-Schreier sheaf. For any rational point x in A^(fc') = Honife(Spec k! , Ajf,) 
with value in a finite extension kl of k, we have 

Tr{F x ,{jC^) = ^{Tr k , /k {x)), 

where F x is the geometric Frobenius element at x. 
Let 

f=J2 a i X i ek[X u Xi 1 ,...,X n ,X- 1 ] 
iez n 

be a Laurent polynomial. The Newton polyhedron A 00 (/) of / at oo is the convex hull in R" of 
the set {i G Z n \ai ^ 0} U {0}. We say / is non-degenerate with respect to A oc (/) if for any face r 
of A OCJ (/) not containing 0, the locus of 

in TJ? is empty, where 

This is equivalent to saying that the morphism 

jV : T£ = Spec A[X 1 ,X^,...,X n ,X- 1 ]^Ai = Spec fc[T] 
defined by the fc-algebra homomorphism 

k[T] -^klX^X^^.^X^X- 1 ], T~f T 

is smooth. 

The first main result of this paper is the following theorem. 

Theorem 0.1. Let / : T£ — ► A^ be a fc-morphism defined by a Laurent polynomial / € 
k[Xi, Xf 1 , . . . , X n , X~ r ] that is non-degenerate with respect to Aoo(/) and let K x be a Kum- 
mer sheaf on T£. Suppose dim(A 00 (/)) = n. Then 

(i) ^(Tg,/C x ®/*ZV) = 0for*^n. 

(ii) dim(tf c "(Tf ,/C x ® /*^)) = n!vol(A oc (/)). 
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(iii) If is an interior point of A OQ (f), then H™(T?,K, X <g> /* C^) is pure of weight n. 

Here the conclusion of (iii) means that for any eigenvalue A of the geometric Frobenius element 
F in Gal(fc/fc) acting on i?"(T^, /C x &/*£,/,), A is an algebraic number, and all the galois conjugates 
of A have archimedean absolute value q% . 

Note that we have 

x 

where [q — 1] : TJJ — > T£ is the Kummer covering, and in the direct sum on the right-hand side, x 
goes over the set of all characters x '■ — > Q z . The composition / o [q — 1] is defined by the 

Laurent polynomial 

f{x 1 ,...,x n ) = f{xr\...,xi- 1 ). 

Note that /' is also non-degenerate with respect to its Newton polyhedron at oo. We have 
HUTltC^) = Hi(Tl[q-lUq-l]*r^) 

= 0^(T^,/c x ®r^). 

x 

So if*(T£, £ x ® f*£j>) are direct factors of if*(T£, /'*£,/>)• Hence Theorem 0.1 (i) and (iii) follow 
directly from the main theorem 1.3 in [DL] applied to /'. Using [II] 2.1, one can show 

Xc(Tg,/C x ®/*^)=Xc(Tg,rZ^), 

where \c denotes the Euler characteristic for the cohomology with compact support. Hence The- 
orem 0.1 (ii) can also be deduced from [DL] 1.3. 

In this paper, we give a proof of Theorem 0.1 independent of the main theorem of [DL]. On 
the other hand, our second main Theorem 0.4 on the weights of £f"(T|, tC x <S> /*£,/>) doesn't seem 
to follow from the corresponding theorem in [DL] . 

Corollary 0.2. Let / e k[Xi, Xf 1 , . . . , X n , X^ 1 ] be a Laurent polynomial that is non-degenerate 
with respect to A oc (/) and suppose dim(A 00 (/)) = n. Then for any multiplicative characters 
Xi, . . . , Xn '■ k* — ► C* and any nontrivial additive character tp : k — > C*, we have 

Xi(xi) ■ ■ -Xn(x„)-0(/(xi, . . . ,x n ))\ < n! vol( Aoo (/) . 
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Proof. Note that the values of \i an d tp are algebraic integers. In particular, we may consider 
them to have values in Q ; . Let \ '■ k* n ~> Q/ be the character defined by 

X(x) = Xi(xi) ■ ■■Xn{x n ) 

for any x = (x\, . . . , x n ) G k* n . We then have 

Xi(xi)---Xn{x n )ip(f(xi,...,x n )) = ^ Tr(F x , (K. x <g> /*£,/>)*)• 
x.efe* xeT™(k) 

By the Grothendieck trace formula ([SGA 4|], [Rapport] Theorcme 3.2), we have 

2n 

£ Tr(^, {K x ® rC^) s ) = flj(T* , K x ® /•£*)). 

x£TZ(k) i=0 

By [D] 3.3.1, for any eigenvalue A of F acting on iJ"(T|,/C x ® /*£,/,), A is an algebraic number 
and all its galois conjugates have archimedean absolute value < q% . Combined with Theorem 0.1 
(i) and (ii), we get 

2n 

|^(-l) i Tr(F,^(T|,X; x ®r£ l/ ,))|<n!vol(A 00 (/))gf. 

i=0 

So we have 

Y Xi(xi) ■ ■ ■Xn{x„)ij;{f{xi, . . . ,x n ))\ < n!vol(Aoo(/))gT. 

Combining Corollary 0.2 with the discussion at the beginning, and using the fact that Gauss 
sums have absolute value qi , we get the following. 

Corollary 0.3. Let /, f u . . . , f m e k[X x , Xf 1 , . . . , X n , X^ 1 } be Laurent polynomials, xi, • • • , Xm ■ 
k* — > C* nontrivial multiplicative characters, and tp : k — > C* a nontrivial additive character. 
Suppose the Laurent polynomial 

F(xi 7 . . . , X n: X n -\-i , • ■ ■ , X n -\- m ) f{xi , . . . , X n ) -(- X n -\-ifi (xi , . . . , X n ) + . . . + ^rt+m/m(^l > • • • 3 *^n) 

is non-degenerate with respect to A OQ (F), and dim(A oc (i ;1 )) = m + n. Then we have 

I xi(fi(xi,---,x n ))---x m (f m (xi,...,x n ))^(f(x 1 ,...,x n ))\ < (n + TO)!vol(A 00 (F))<7™ /2 . 
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Under the assumption of Theorem 0.1, let 

wEZ 

where e w is the number of eigenvalues counted with multiplicities of the geometric Frobenius 
element F in G&\(k/k) acting on ff"(T^, IC X ® f*C^) with weight w. Our next goal is to determine 

For any convex polyhedral cone S in R™ with being a face, define the convex polytopc poly((5) 
to be the intersection of S with a hyperplanc in R™ which does not contain and intersects each 
one dimensional face of S. Note that poly(<5) is defined only up to combinatorial equivalence. For 
any convex polytope A in R™ and any face r of A, define coneA(r) to be the cone generated by 
v! — u (u 1 E A, u 6 t), and define cone A (r) to be the image of coneA(r) in R"/span(r — r). Note 
that is a face of cone A (r). We define polynomials a(5) and /3(A) in one variable T inductively 
by the following formulas: 

a({0}) = 1, 

/3(A) = (T 2 - l) dim ( A ) + (T 2 - l) dim(r) a(conc A (r)), 

r face of A, t^A 
a(S) = trunc< dim(5) _ 1 ((l-r 2 )/3(poly(<5))), 

where trunc<d(-) denotes taking the degree < d part of a polynomial. These polynomials arc first 
introduced by Stanley [S]. Note that a(S) and /3(A) only involve even powers of T, and they depend 
only on the combinatorial types of 5 and A. If 5 is a simplicial cone, that is, if <5 is generated by 
linearly independent vectors, then using induction on dim((5), one can verify a(5) = 1. 

Let x '■ TJJ (A;) — > Q ; be a character. For a rational convex polytope A in R" of dimension n, 
let T be the set of faces r of A so that t / A, £ t, and IC X = p^.lC T for a Kummer sheaf IC T on 
the torus T T = Spec fc[Z" n span(r — r)], where 

p T : T£ = Spcc/c[Z™] -> T r = Specfe[Z" n span(r - t)] 

is the morphism defined by the canonical homomorphism 

k[Z n nspan(r-T)] ^ k[Z n ]. 
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Define 

e(A,x) = n!vol(A) + ^(-l) n - dim ( T )(dim(r))!vol(r)a(cone^(r))(l) 
and define a polynomial E(A, x) inductively by 

E(A, X ) = e(A, X )T" - ^(-l)"- dim W£(T, X r)a(cone^(r)). 
Our second main result is the following. 

Theorem 0.4. Let / : — ► be a fc-morphism defined by a Laurent polynomial / e 
k[X\, -XT" 1 , . . . , X n , X~ x ] that is non-degenerate with respect to Aoo(/) and let JC X be a Kum- 
mer sheaf on T£. Suppose dim(A oc (/)) = n. Let 

E(n,f, X ) = y £e w T w , 

aigZ 

where e w is the number of eigenvalues counted with multiplicities of the geometric Frobenius 
element F in Gal(fc/fc) acting on H^(T^,K, X ® f*C^) with weight w. Then E(T%,f,x) is a 
polynomial of degree < n, and 

E(Tt,f, X ) = EiAMx), 
e n = e(Aoo(/),x). 

Corollary 0.5. Let / : T£ — ► A\ be a fc-morphism defined by a Laurent polynomial / e 
k[Xi, X^ 1 , . . . , X n , X^ 1 ] that is non-degenerate with respect to A OCJ (/) and let K x be a Kummer 
sheaf on T£. Suppose dim(A 00 (/)) = n and suppose for any face r of A 00 (/) of codimension one 
containing 0, /C x is not the inverse image of any Kummer sheaf on T T = Specfc[Z" n span(r — r)] 
under the morphism 

p T : T£ = Specfe[Z"] — > T T = Spccfc[Z™ n span(r - r)]. 
Then H™(T%, K x <g> /*£,/,) is pure of weight n. 

Remark 0.6. Note that this corollary together with Theorem 0.1 is Theorem 4.2 in [AS], except 
that Adolphson and Sperber prove the theorem for almost all p. 
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Proof of Corollary 0.5. Under our assumption, the set T of faces r of A OCJ (/) so that r ^ A oc (/), 
G r, and /C x = p*/C T for a Kummer sheaf /C r on the torus T T = Spec k [Z™ n span(r — r)] is 
empty. Therefore 

£(A 00 (/),x) = e(A 00 (/), X )T". 

By Theorem 0.4, this implies 

E(n,f, X ) = e(A 00 (f), X )T n , 
and hence i?"(T|, JC X ® /*£,/>) is pure of weight n. 

For a rational convex polytope A in R n with dimension n, recall that T is the set of faces 
t of A so that t ^ A, G r, and /C x = p*/C T for a Kummer sheaf /C T on the torus T T = 
Spec fc[Z™ n span(r — r)]. Define 

V i (A, X )= J2 vol ( r ) 

r£T, dim(r)=i 

for < i < n — 1 and define 

K(A, X )=vol(A). 

Let t be the smallest face of A containing 0. We say A is simplicial at the origin if there are 
exactly n — dim(r ) faces of A that have dimension n — 1 and contain r . If A is simplicial at 

the origin and r is a face containing 0, then the number of faces of A that have dimension k and 

. ( n — dim(r) \ 
contain r is I k I ' 

The following corollary is Theorem 4.8 in [AS]. 

Corollary 0.7. Let / : — > A\ be a /c-morphism defined by a Laurent polynomial / G 
k[Xi, X^ 1 , . . . , X n , X^ 1 ] that is non-degenerate with respect to A OQ (/) and let JC X be a Kummer 
sheaf on T£. Suppose dim(A 00 (/)) = n and suppose Aoo(/) is simplicial at the origin. Let c w 
be the number of eigenvalues counted with multiplicities of the geometric Frobenius element F in 
Gal(fc/fc) acting on H™{T^,IC X ® /*A/>) with weight w. Then we have 



j=0 

Proof. The hypothesis that A (X) (/) is simplicial at the origin implies that 

"(coneA^.nM) = 1 
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for any face r of A oc (/) containing 0. By Theorem 0.4, we have 

e n = e(A OG (/),x) 

= n!vol(A 00 (/)) + ^(-l)"- dim ( T )(dim(T))!vol(r) 

n-1 

= n!K(Aoo(/), X ) + £(-l) n "Wi(Aoo(/),x) 

i=0 

n 

= ^(-lr^i^cA^c/),^. 

i=0 

This proves our assertion for w = n. We use induction on n. Under our assumption, we have 
EiAMx) = e(A 00 (/), X )T" - ^(-ir dim M£(r, XT ). 

For w < n — 1, taking the coefficients of T w on both sides of the above equality and applying 
Theorem 0.4 and the induction hypothesis to the pairs (t, \t) {t € T), we get 

E (-ir- di ^> f;(-i)-«ii ( *™$: l w ) E ma 

tGT, w<dim(r)<n-l i=0 ^ 7 t'Xt, dim(r')=i, r'GT 

So we have 

e w = ±(-1)-^. £ E (-D^^ ( dtfJ:; ) -l(r'). 

i=0 r'GT, dim(r')=i r'-<T, «j<dim(r)<n-l ^ 7 

By our assumption, for each t' containing of dimension i, the number of faces of A oc (/) that 

/ fi — i \ 

have dimension k and contain r' is I ^ I . So we have 

e .=E(-ir-^! e eW( ) ( ::0 vol(r,) - 

We have 

"eW ( i:i ) ( „":i. ) 

k=w v 7 v 7 

= T(-D k ( n ~ w )( n "M 

'\k — w \n — w 

k=w v 7 v 7 

- (-D-( „ n :;)"gVi)'("-"') 

\ n — w J 
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So we have 



e w = ]T(-ir- 1 +n+i i\ 

i=0 t'ET, dim(r')=i 

= ^i-ir-Hif n n l l w )y i (A oc (/), x ). 

This proves our assertion. 

The paper is organized as follows. In §1, we summarize basic results on toric schemes. These 
results can be found in [F]. This section is mainly for the purpose of fixing notations. A toric 
scheme contains an open dense torus. In §2, we study extensions of Kummer sheaves on tori to 
toric schemes. In §3, we study the compactifications by toric schemes of a morphism on a torus 
defined by a Laurent polynomial. In §4, we prove our main results. 

Acknowledgement. The research is supported by the NSFC (10525107). 

1. Toric Schemes 



( n ~ i )vol(r'). 
\ n — w 1 



In this paper, a lattice iV is a free abelian group of finite rank. Let M = Homz(A, Z) be the dual 
lattice of N, let V = N <8>z R be the real vector space generated by A, and let V* = HomR(V, R) 
be the dual vector space of V. We have a canonical identification M <£>z R = V*. A convex 
polyhedral cone a in V is a subset of the form 

v = {nv-i H h r k v k \ri > 0}, 

where v\, . . . , v k is a finite family of elements in V, which is called a family of generators of a. We 
say a is rational with respect to the lattice N if v\, . . . , v k can be chosen to lie in N. Define the 
dual u of a to be 

a = {«£ V*\(u,v) > for all v e a}. 

If a is a rational convex polyhedral cone in V with respect to A, then a is a rational convex 
polyhedral cone in V* with respect to M ([F] 1.2 (9)). Under this condition, the semigroup M Ho- 
is finitely generated ([F] 1.2, Proposition 1). Let A be a commutative ring. Then the ring A[Mfl(r] 
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is a finitely generated A-algebra. For any u G M(~)a, denote the corresponding element in A[Mf1a] 
by x u - We have 

in A[M fl a] for any u\, ui G M n <r. A /ace r of <r is a subset of the form 

r = cr n u 1 - = {v e cr| (m, w) = 0} 

for some u e <r. It is also a convex polyhedral cone ([F] 1.2 (2)). We use the notation r -< cr 
or (T ^ r to denote r being a face of a. When cr is rational, so is r, and we may then choose 
m G M Hit. We then have 

Mnf = Mn<7 + Z> (-m) 
by [F] 1.2, Proposition 2, and hence 

A[MC\f] =A[Mn4«. 

Define 

U a = Spec A[M n a]. 

Then the canonical homomorphism 

A[M fla]M A[M n f] 

defines an open immersion 

U T ^ U a . 

A fan S is a finite family of rational convex polyhedral cones in V satisfying the following properties: 

(a) is face of each cone in X. 

(b) A face of a cone in S is also in S. 

(c) If cr, cr' £ S, then cr n cr' is a face of both cr and a'. 

For any cr, cr' G S, by the discussion above, U ana > can be considered as an open subscheme of 
both U a and U a '. Gluing U a and U a > along U ana ' , we get a scheme Xa(E) of finite type over 
A, which we call the toric scheme associated to the fan S. The scheme Xa(E<) is separated over 
A ([F] 1.4, Lemma). If Uo-es G = then it is proper over A ([F] 2.4, Proposition). A rational 
convex polyhedral cone a is called regular if it can be generated by part of a basis of N. Under 
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this condition, U a is smooth over A ([F] 2.1). A fan S is called regular if all the cones in S are 
regular. Under this condition, X A (E) is smooth over A. 

Each U a (cr £ S) can be regarded as an open subscheme of X A (T,). Taking a = 0, we see the 
torus 

U a = Spec ,4 [M] 

is an open subscheme of X A (Ti). One can show this torus is dense in Xa(£>)- Let n be the rank of 
N. Then the torus SpecA[M] has relative dimension n, and we denote it by T A . For any a £ S, 
the A-algebra homomorphism 

A[M n <t] -» A[M] ® A ^4[M n cr], x u ^ X" ® X" (« G M n a) 

defines an action 

T n A x A U a ^U a . 
These actions for a £ S can be glued together to give an action 

T n A x A I A (E)^I,(S) 

which extends the action of T A on itself. 
For any r £ S, let 

7V T = N n r + (— n r) = X n span(r) 

be the group generated by N n r, and let iV(r) = N/N T . Then iV(r) is torsion free, and hence a 
lattice. Let M(r) be its dual lattice. We have a canonical isomorphism 

M(t) -Mflr 1 . 

For each cr € £ with t ~< a, let <r be the image of cr in AT(t) ®z R — U/span(r). Note that cr is 
completely determined by a, that is, for any a, a' £ £ containing t, we have cr = cr' if and only if 
a = a' . The family 

star(r) = {a\(j £ E, r -< cr} 

is a fan in iV(r) ®z R» Let 

V(t) = X A (star(r)). 
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It is obtained by gluing 

U a {r) = Spec A[M(t) n ct] = Spec A[M n^r 1 ] 
together (a £ Star(r)). Let 

O t = U t {t) = Spec A[M n t^] 

be the open dense torus in V(r). Its relative dimension is dim(F) — dim(r). For any a e E with 
r -< cr, consider the map 

Mn<7 -> AlMflanr 1 ], 

( X u ifuGd-nr^, 
?i ^ \ if^anr 1 . 

It is a semigroup homomorphism, where the semigroup law on A[M flariT 1 ] is multiplication. (To 
prove this, we use the fact that ffflr 1 is a face of a ([F] 1.2 (10)), and a sum of elements in a cone 
lies in a face if and only if each summand lies in the face.) It induces an A-algebra epimorphism 

A[M n a] -> A[M flffflT 1 ] 

and hence a closed immersion 

U„{t) - U a . 
For any a, a' € E with t -< cr' -< <j, the diagram 

commutes and is Cartesian. So we can glue these closed immersions together to get a closed 
immersion 

V(r) |J U a . 

T~<cr 

One can show for those a e E not containing r, the image of V(r) in U T ^<x ^ i s disjoint from U a . 
So composing the above closed immersion with the open immersion [J T ^ a U a — ► Xa(E), we get a 
closed immersion 

V(t) -X A (E). 

We regard the open dense torus O t of V(r) as a subscheme of -Xa(E) through this closed immersion. 
One can verify T (r G E) are disjoint in X^(E). Actually O t are the orbits of the torus action 
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T\ on X A (Z). Moreover, we have ([F] 3.1, Proposition) 

U a = ]Jo 7 , 

V(r) = ]J0 7 . 

T-<7 

Let <5 be a rational convex polyhedral cone of dimension dim(V) in the dual space V*. We have 

8 n (-8) = s 1 - = 0. 

So by [F] 1.2 (10), is a face of 8, and hence the family S((5) of faces of 5 is a fan in V, and we 
have 

X A (E(8)) = U- S = Spec A [M n 6}. 

By [F] 1.2 (10), the map rnifir 1 sets up a one-to-one correspondence between the family of 
faces of S and the family of faces of 8. We claim 

jnr 1 ^ (cones (r)) v , 

where cones (r) is the cone in V* generated by u' — u (u' G 8, u G r). Indeed, if v € (concs(T)) v , 
then for any u' G 8, u G r, we have 

(u',v) > (u,v). 

Taking u, u' G r, we see (■,v)| T is constant. As G r, we have (-,v)\ T = 0, that is, v G t^. The 
above inequality then implies that (u', v) > for all u' G 5, that is, v G 5. So we have veinr 1 . 
Hence (cones (t)) v C 8 Dt- 1 . It is not hard to see 8 (~1 r 1 - C (concs(r)) v . So i n r 1 = (cones(T)) v . 
By [F] 1.2 (10), we have 

dim ^(cones(r)) P(— cones(r))^ = dim(V) — dim((concs(T)) v ) 

= dim(V) -dim^nr- 1 ) 
= dim(r). 

As 

span(r) = r — r C (cones(r)) P)(— cones(r)) 
and (cones(r)) p|(— cones(r)) is a linear space, we have 

(cones(r)) P| (-cones (t)) = t - r. 
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We summarize these results as follows. 

Proposition 1.1. Let S be a rational convex polyhedral cone of dimension dim(y) in V* . For 
any face r of S, let cone,5 (r) be the cone in V* generated by vl — u (u' G S,u e r) . We have 

(concur) ) v = *nr i . 

The family 

Z(5) = {(cone s (T)) v \T-<5} 
is a fan in V — N ® z R, and coincides with the fan consisting of faces of 6. We have 

X A (Z(6)) = Ug = Spec A[MDS]. 

Moreover, we have 

dim(cone,5(T)) v = dim(V) — dim(r) 

and 

(-conea(r)) Q (cones ("J")) = r - r. 

A convex polytope P inV — N ®z R is a subset of V which can be written as the convex hull 
of a finite family of clement in V. If this finite family can be chosen to lie in N <E>z Q, we say P is 
rational. If P is a rational convex polytope in V such that is an interior point of P, then the set 
E of cones over faces on the boundary of P is a fan, and the toric scheme X^(E) is proper over A. 

Let A be a rational convex polytope in the dual space V* = M ®z R- First consider the case 
where is an interior point of A. A face t of A is a subset of the form 

t = {u e A|(m, v) = r}, 

where r is a real number and neVisa vector such that (u, v) > r for all u e A. Since is an 
interior point of A, we have either v = or r < 0. When v = 0, the face r is just A. When r < 0, 
we can always choose v so that r = — 1 . So a proper face of A is of the form 

t = {ue A|(u,u) = -1}, 

where v G V is a vector such that (u, v) > — 1 for all u£ A. 
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Define the polar set A of A to be 

A° = {«e V\(u,v) > -1 for all u G A}. 

It is a rational convex polytope in V ([F] 1.5, Proposition), and is in its interior. Denote the fan 
in V of cones over faces on the boundary of A by S(A). 
For any face r of A, let 

t* = {v G A°\{u,v) = -1 for all u G r}. 

Then ([F] 1.5, Proposition) t t* sets up a one-to-one correspondence between faces of A and 
faces of A , and 

dim(r) + dim(r*) = dim(V) — 1. 

The cone C(r*) in V over r* is 

C(r*) = {tv\t > 0,v e V, (u,v) > -1 for all u G A, (u,v) = -1 for all u G t} 
= G V", (u', u) > (u, u) for all u' G A, u G t} 

= (cone A (T)) v , 

where coneA(r) is the cone in V* generated by v! — u (u' G A,u G r). So the fan S(A) is the set 

S(A)-{(conc A (r)) v |r^ A}. 

Note that we have 

dim((conc A (r)) v ) = dim(C(r*)) 
= dim(T*) + 1 
= dim(y) — dim(r). 

By [F] 1.2 (10), we have 

dim ^(concA(T)) coneA(r))^ = dim(V) — dim((concA(r)) v ) = dim(r). 

As 

r - t C (coneA(T)) P|(-cone A (r)), 
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we have 

(coneA(r)) (^|(— concA(T)) = span(r — r). 

For any v G V, the first meeting locus F A (v) is defined to be the subset of A where the function 
(■,v)\ A reaches its minimum. If r is the minimum of (-,v)\ A , then (u,v) > r for all u G A, and 

Fa(v) = {u e A\{u,v) = r}. 

So F A (v) is a (nonempty) face of A. For any subset A in V, let 

F A (A) = f| F A (v). 

veA 

It is also face of A. (Maybe empty). We have 

C(t*) = {v\(u',v) > (u,v) for all u' e A,u e r} 
= WFa(«)3i-}. 

As r* is the closure of the complement of its proper faces, C(r*) is the closure of the set 

C(t*) - |J C(r'*) 

= C(r*)- (J C(r'*) 

= {«|F A («)Dr}- |J {«|F A («)Dr'} 

= {«|Fa(«)=t}. 

Moreover, we have 

r= f) F A (v) = F A (C(r*))- 

vec(r*) 

We summarize these results as follows. 

Proposition 1.2. Let A be a rational convex polytope of dimension dim(V) in V* . For any face 
t of A, let coneA(r) be the cone generated by u' — u (u' G A, u G t). Then the family 

S(A) = {(conc A (r)) v |r^A} 

is a fan in V = N ®z R, and X^(S(A)) is proper over A. For any w G V", let F A (v) be the face of 
A where the function (-,v)\ A reaches minimum. Then 

(cone A (r)) v = {v\F A {v) D t} 
= {v\F A (v) = t} 
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The map 

t i ► (coneA(V)) v 

sets up a one-to-one correspondence between faces of A and cones in the fan £(A), and the inverse 
map is 

<t^f A (<7) = p| f A {v). 

Moreover, we have 

dim(coneA(r)) v = dim(V r ) — dim(r) 

and 

(coneA(r)) f~}(— coneA(T)) = span(r — r). 

Note that Proposition 1.2 holds for the polytope A if and only if it holds for a translation of 
A. Making a translation, we may assume is an interior point of A. In this case, Proposition 1.2 
follows from the previous discussion. 

2. Extensions of Kummer sheaves to toric schemes 

In this section k is a field. Let m be a positive integer prime to the characteristic of k so that 
k contains a primitive m-th root of unity. Let 

^^{(Ci,...,^)!^^™-!}. 

The Kummer covering 

M : T£ - T£, x -> x m 
on the torus T£ defines a ^ m (/c)"-torsor 

i - Mro (fc)" - n [ ™ ] Tjj ^ i. 

Let x : fi m (k) n — > Q ; be a character. Pushing-forward the above torsor by x~ : , we get a lisse 
Q r shcaf K, x on T£ of rank 1. We call 1C X the Kummer sheaf associated to The following 
properties of the Kummer sheaf are standard. We omit their proof. 
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(a) We have an isomorphism 

^xl{i} — Q?: 

where 1 is the identity of the algebraic group TJJ. 

(b) Let s : T£ x fe T£ -> T™ be the multiplication on the torus, and let pr l7 pr 2 : T™ x fc T™ T£ 
be the two projections. We have an isomorphism 

s*K x = pr*/C x <8> pr^x 

which is compatible with the isomorphism 

(**£x)l{(i,i)} = (pr^x ® P r 2^x)l{(i,i)} 
defined by (a). Taking the inverse image of the above isomorphism under the morphism 

Tfe —* T'k Xfe T^, a; i— » (x, a; 1 ), 

we deduce an isomorphism 

(c) Suppose m'|m and suppose there exists a character \' : [i m '(k) n —> Q; such that 

x(C) = x'K^). 

Then we have an isomorphism 

(d) Let Hi (i — 1,2) be positive integers such that n = n\ + n 2 , let Xi '■ ^m{k) Ui — > Q; be 
characters such that 

X(Cl) ■ ■ ■ i Cn) = Xl(Cl) ■ ■ ■ > Cni)X2(Cm + l) ■ ■ ■ > Cn)j 

and let 

P» . L k — ± k Xfc J_ fe — > ± fe 

be the projections. Then we have an isomorphism 

^x =P*^xi ®vV^xi- 
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Now let iV be a lattice of rank n, let M = Homz(^V, Z) be its dual lattice, let V — N <x>z 
and let V* = Hom R (V, R) = M ®z R» For any fan £ in V, denote the open immersion of the torus 
T£ = Specfc[Af] in the toric A:-scheme X k (Z) by 



In this section, we study the sheaf j*lC x and the perverse sheaf j\*(K x [n]) on X k (T,). (For the 
definition of j u , see [BBD] 1.4.22 and 1.4.24.) 

Let 8 be a rational convex polyhedral cone in V* of dimension n, and let £(<5) be the fan defined 
in Proposition 1.1. If is a face of 8, then the map 



is a semigroup homomorphism. It induces an epimorphism of fc-algebras k[M CI 8} — > k and hence 
a closed immersion 

x : Spec Spec k[MnS] = X k (E(8)). 
We call Xo the distinguished point in X k (T l (S)). It is fixed under the torus action on X k (E(8)). 

Lemma 2.1. Let 8 be a rational convex polyhedral cone in V* of dimension n with being a face, 
let x : Specfc — ► X k (Y,(8)) be the distinguished point in X k (E(S)), and let j : T£ — > X fc (E(5)) 
be the open immersion of the open dense torus in Jffc(£(<5)). If \ '■ Hm(k) n — > Q ; is a nontrivial 
character, then XQ(j\*(K. x {n])) is acyclic and Xq(j*/C x ) = 0. Moreover, we have j*Q ( = Q ; . 

Proof. Consider the morphism 



where the second component of e is defined by the action of T£ on X%(Y,(8)). Note that e is an 
isomorphism. Denote the restriction of e to T£ T£ by e. Consider the commutative diagram 



j:Tjf-X fc (£). 




e:T£ x fc X fc (S((5)) — > T£ x fe X fe (E(5)), e(t,x) = (t,te) 



L k x k L k 

I id x j 
T£ x k X k (X(8)) 



I id x j 
T£ x fc X fc (£(<S)) 



' ri- 



fe 



*fc(E(<*)) 



where pr 2 and pr 2 are the projections to the second components. Note that we have 



pr 2 e = s 
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where s is the multiplication on the torus. By the smooth base change theorem and the fact that 
pr^n] is an exact functor with respect to the perverse t-structurc ([BBD] page 108-109), we have 

W2(j\*(K, x [n}))[n\ = (id x j)t»(pr*/C x [2n]). 

So we have 

e*pv* 2 (j u (IC x [n}))[n] = e*(idxj),*(pr£/C x [2n]) 

<* (idxj) !f (eV2^N) 

= (id x j)u(s*fC x [2n]) 

= (id x j)i*(prt/C x (g> pr 2 K, x [2n}). 

Using [BBD] 1.4.24, 4.2.7 and 4.2.8, one can show 

(id x j)!„(pr?/C x ® pr*/C x [2n]) S prj (/C x [n]) <S> p4(j u (fC x [n])). 

So we have 

e*pr^(i!*(/C x [n]))[n] £* prj (£>]) ® P^C^^xM)). 

Let z be the morphism 

T£ = T£ x fc Specfc id ^° Tl x k X k (Z(5)) 
and let n : Tj! — > Spec fc be the structure morphism. We have 

■i*^*W2(j\*(IC x [n}))[n] = (pi 2 ei)*(ju(K. x [n]))[n] 
= (xo7r)*(j,»(/C x [n]))[n], 

l *(P r l(^W) ® P~ r 2(.?!*(^xW))) - K xW ® (^07T)*(.7!*(^xN))- 

We thus have an isomorphism 

(zo7r)*(j!*(£ x [n])) = /C x O (x 7r)*(j !st (/C x [n])). 

So for all i, we have 

W((x ny(MIC x [n}))) ^K x ® 7f {{x^)* ■ 

If x ls nontrivial, this isomorphism implies that 7i l ((xoTr)*(j\*(K. x [n]))) = 0. Indeed, we can 
evaluate iJ°(T|, •) on both sides of the above isomorphism and use the fact that i/°(T|, K. x ) = 0. 
So we have H l (xQ(j\*()C x {n]))) = for all i, and hence XQ(j\*,()C x {n])) is acyclic. 
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Similarly, one can show ;Tg(j*/C x ) — if x is nontrivial. To prove j*Q ( = Q ; , we need to show 
for any nonempty connected etale X k (E(5))-sch.eme U, we have 

that is, 

It suffices to show U Xx k (n(6)) T£ is nonempty and connected. Indeed, by [F] 2.1, X k (T,(S)) is 
normal. So U is normal. As U is connected, U is integral. U x^pmj T£ is an open subschemc 
of U. It is nonempty since the image of U in Xk(E(S)) is nonempty open and hence has nonempty 
intersection with the open dense torus TJJ. Being a nonempty open subscheme of the integral 
scheme U, U ^x h (T,(5)) T£ is also integral, and in particular connected. This finishes the proof of 
the lemma. 

Remark 2.2. Keep the notations in Lemma 2.1. Denote by xo the geometric point associated 
to xq. By [DL] 6.2.3, ^o(j!*(Q/M)) is pure of weight n, that is, for any i and any eigenvalue A 
of the geometric Frobenius element F in Gal(fc/fc) acting on H l (xQ(j\^(Q l [n]))), A is an algebraic 
number, and all its galois conjugates have archimedean absolute value . Moreover, by [DL] 
6.2.1, dim(_ff l (xQ(ji*(Q / [n])))) coincides with the coefficient of T l+n of the polynomial a(8) defined 
in the Introduction. 

Lemma 2.3. Let E be a fan in V, <j G E and S the image of a under the canonical homomorphism 
V* — » V*/a ± . Note that S is a rational convex polyhedral cone in V*/a ± of dimension dim(V^*/cr ± ) 
and is a face of 5. Let xo be the distinguished point in Xk(E(5)), and let 

j : T£ X fe (E), i' : T^ im(ff) - X fe (E(<5)) = Specfc[(M/M n O n <5] 

be the immersions of the open dense tori in toric schemes. Denote by 

Pi : Tl = Spec k[M] -> O a = Spec k[M n ct^] 

the morphism induced by the canonical homomorphism 

k[MC\a^] ^ k[M}. 
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If JC X = p\JC Xl for some Kummer sheaf JC Xl on O a , then 

where O a is considered as a subscheme of -Xfc(E) as in §1, and n : O a ^> Spcc/c is the structure 
morphism. If JC X is not the inverse image under p\ of any Kummer sheaf on O a , then (j!*(/C x [n]))|o <T 
is acyclic and (j*fC x )\o a = 0. 

Proof. Since M/M n cr^ is torsion free and hence a free abelian group, the short exact sequence 

— » M n a 1 - — > M — > M/M n cr^ 

splits. Fix an isomorphism 

M = M n cr 1 © M/M n a- 1 . 
This isomorphism induces identifications 

<7 = a 1 - © <5, 

Mn<7 ^ Mn/ © (M/Mfiu 1 ) n£, 
fc[Mn<r] ~ fc[Mno- L ]® fe fc[(M/Mn<T- L )n5], 

?7 ff = Specfc[Mn<r] Spec k[M n a" 1 ] x fc Spec fc[(M/M n cr 1 ) D 5] = 0„ x k X k (Z(5)), 
T^ = Specfc[M] S SpecfclMna- 1 ] x fc Spec fc [M/M n cr 1 ] = CT x fe Tf m(<T) . 

We can find Kummer sheaves fC Xl on and /C X2 on t^™^ so that /C x is identified with 

p*/C Xl ®p* 2 JC X2 

through the isomorphism T£ = O a x k T^™^, where 

pi : CT x fe Tf m(CT) - O a , p 2 : x fe Tf m(CT) - T^ im(ff) 

are the projections. Consider the commutative diagram 

O a -» C/ ff T£ 

II 1= 1= 

O ff A CT x fe X fc (£(<5)) id ^'' CT x fe lf m ^, 
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where i is the morphism 



O a = O a x k Spccfc id ^° O a x fe X fc (S(J)). 



Using [BBD] 1.4.24, 4.2.7 and 4.2.8, one can show 
(id x j') u ( p\K, Xl [n - dim(cr)] <g> pJ|/C X2 [dim(a)] ] = prJ/C Xl [n - dim(cr)] ® pra/^/C^ [dim(er)]), 



where 

pr x : O a x k X fc (S(<5)) -> CT , pr 2 : CT x fe X fc (S(<5)) - X fc (S(<5)) 
arc the projections. So we have 

(ji*(KxM))lo„ = i*(idx/) u ^p*AC x Jn-dim(CT)](g)^ x Jdim((7) 

^ i* ^pr}X Xl [n - dim(cr)] ® pr^'^/C^ [dim(cr)]) 
- /C X1 [n - dim(cr)] <g> 7T*Xo(/i»(/C X2 [dim(cr)])), 

that is, 

(i!*(/C x [n]))| 0<7 S^an-dim^l^Tr'xSy'u^Idim^)])). 

Similarly, we have 

(j'.£x)|o„ =/C Xl ^Tr'arSO"'.^)- 

We then apply Lemma 2.1. 

Proposition 2.4. Let E be a fan in V, er 6 S, 

j : TjJ — Xfc(S), ii : CT = Specfc[M n ^ - V» = X fc (star(<r)) 
the immersions of the open dense tori in toric schemes, and 

pi : T k l = Spec k[M] -> O a = Spec k[M n a 1 -} 
the morphism induced by the canonical homomorphism 

k[MC\a^] ^ k[M\. 
If JC X = p*)C Xl for a Kummer sheaf /C Xl on On, then 

(i*^x)lv((7) - 3i*^xi- 
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If JC X is not the inverse image under p\ of any Kummer sheaf on O a , then 



Proof. First suppose /C x is not the inverse image under p\ of any Kummer sheaf on O a . Then for 
any r <E £ with a -< t, IC x is not the inverse image of any Kummer sheaf on O t . By Lemma 2.3, 
we then have {j*IC x )\o T = 0. As V(a) = LL^t ®t, we have {j*JC x )\v{a) = 0- 

Now suppose K x = PilC Xl for a Kummer sheaf K\ on O a . As in the proof of Lemma 2.3, we 
have a commutative diagram 

|= | = 

O ff x fc Tf m(ff) "-3?" O a x k X k (m), 
where 5 is the image of <r in V* /a 1 - , and and j' are the open immersions of the tori in U a and in 
Xfc(£(<5)), respectively. As K, x — p\IC Xl , the sheaf j aif JC x can be identified with (id x j')»(p*/C Xl ), 
where p : O a x k Tf m(a) -> O a is the projection. By [BBD] 4.2.7 (which can be deduced from 
[SGA 4±] [Th. finitude] 2.16 and Appendix 2.10), wc have 

(id x j%{p*)C Xl ) S pr*/C Xl ® pr*(. 7 '„Q ; ), 

where 

p ri : O ff x fc X fc (S(J)) - CT , pr 2 : O ff x fc A fc (S(<5)) -> X fc (S(J)) 
are the projections. As j'*Q; = Q ; by Lemma 2.1, we have 

(id x j')*(p*)C Xl ) prJ/C Xl . 
It follows that the canonical homomorphism 

is an isomorphism, where q„ : U a — > CT is the morphism defined by the canonical homomorphism 

priff 1 ] ^ fc[Mn<r]. 

For each r € X with <r -< t, fix notations by the following commutative diagram: 

O a -> o T 

pi 

/ T <3V 

O a ^ U T (a) = Spcck[M Ha 1 - Of], 
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and let j T : TJJ c — ► U T be the canonical open immersion. If K x is the inverse image of a Kummer 
sheaf K T on O t , then the same argument as above shows that the following canonical homomor- 
phisms are isomorphisms: 

9r^X T ^ Jr J* Qt^Xt (!) 

{q T i T )*K Xr -=> l T J*(q T i T )*JC XT (2) 



The isomorphism 



induces an isomorphism 



So we have an isomorphism 



la^Xl ~ * 3° *3a1a^Xl 



la Qa^Xl y % a 3<J *3 'aQ<T>^-Xl 



3l(U*^x)\v(a)) (3) 
Applying the adjointness of to the inverse of this isomorphism, we get a homomorphism 

(j'^lvw^iu^. ( 4 ) 

Let's show this is an isomorphism. This would prove our proposition. 

We have V(a) = U a ^ T ®t- It suffices to prove the restriction of the homomorphism (4) to each 
O r (<r -< r) is an isomorphism. If K, x is not the inverse image of any Kummer sheaf on Tl the 
both {j*IC x )\o r and (ji*lC Xl )\o T vanish by Lemma 2.3, and the restriction to O t of (4) is trivially 
an isomorphism. Now suppose JC X is the inverse image of a Kummer sheaf /C T on O t . Let's prove 
the restriction of (4) to the set U T (a) (which contains O t ) is an isomorphism. 

Recall that to construct the homomorphism (4), we first construct an isomorphism (3), and 
then apply the adjointness of to the inverse of (3). The isomorphism (3) can also be 

described as follows: From the isomorphism (1), we get an isomorphism 

IXlr'Cxr * lX3rJ* T q* T IC XT (5) 

Note that (3) can be identified with (5). This can be seen by applying i* a to the commutative 
diagram 

jarQr^Xr ^ 3*ar3r Jrlr^X-r 
= 1 1 = 

€^xi =* 3*JUlK Xl . 
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Applying the adjointness of (I*, l Tif ) to the inverse of (5), we get 

i*jrJ*q*lC XT -» l T J* T i* T q*K, XT (6) 

Note that (6) can be identified with the restriction of (4) to U T (a). So it suffices to show (6) is an 
isomorphism. But (6) coincides with the composition 

where the first arrow is obtained by applying i* to the inverse of (1), and the second arrow can be 
identified with (2). As (1) and (2) are isomorphisms, (6) is also an isomorphism. This finishes the 
proof of the proposition. 

In the following, A is a finitely generated fe-algebra. For any fan S in V and any cone a in 
S, we denote Spec^4[M n a] (resp. Speck[M n it]) by U„ (resp.E/^), and Spec A [M n cr 1 ] (resp. 
Spec fc[M n a- 1 ]) by CT (resp. 0<jfc). They are considered as subschemes of JCt(£) (resp. Xfe(S).) 

Proposition 2.5. Let A be a finitely generated fc-algebra, let £ be a fan in V and let Y be 
an effective Cartier divisor of X^(S). Denote by j : T£ — ► -Xfc(E) the immersion of the open 
dense torus in Afc(S), and denote by (j\*(IC x [n}))\Y and (j*/C x )|y the inverse images under the 
composition 

Y -> X A (E) -> X fc (E) 

of jt»(/C x [n]) and j*/C x , respectively. Let y EY and let er be the unique cone in S such that y E O a . 
Suppose the scheme theoretic intersection Y n O a is smooth over A at y, and is not equal to Ga- 
in any neighborhood of y. Then Y is universally locally acyclic over A at y relative to {3\*{K- x ))\y 
and relative to (j*/C x )|y. 

Proof. As in the proof of Lemma 2.3, Mflu 1 is a direct factor of M. Choose a sublattice M' of 
M such that 

M = M n a 1 - M'. 

Let (5 be the image of <r in M' ®z R- It is a cone in M' ®z R- of dimension dim(a) with being a 
face. We have 

<t = o- 1 © (5, 
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M n a = m n a 1 - e M' n 5, 
A[MC\a] ^ AfMriiT 1 ] <g> A A[M'nS], 
U a = Spec A[M Da] S Spec A[M n cj- 1 ] x a Spec 4[M' n (5] = O ff x A Spec A[M' n 5]. 

We have a commutative diagram of Cartesian squares 

Ynu a <- y n o CT 

a «- <- o CT 

Spec .4 <- SpecA[M'n£] <- Spec A, 
where U a — > CT is the projection, O ct — > £/ CT is the canonical closed immersion, and Spec A — > 
Spec ^4 [M' n (5] is defined by the homomorphism of ^4-algebras 

Choose an open neighborhood W of y in [To- and g G so that Y C\W is defined by 

g. Since Y C\ O a is smooth over A at y and is not equal to O a near y, by [SGA 1], Expose II, 
Theoreme 4.10 (iii), the image dg in (Qq , A ) y ®o 0c , v k(y) is nonzero. Hence the image of dg in 
(^Uv/A[M'n5])y ®°u a , y k{y) is nonzero. By [SGA 1], Expose II, Theoreme 4.10 (ii), there exists an 
open neighborhood W of y in U a and an etale A[M' n <5]-morphism 

W -> Spec A \M' n8\[T lt ..., T r ] 

such that y n W is the inverse image of the closed subscheme of Spec^4[M' n S\ [Ti, . . . , T r ] defined 
by the equation T r = 0. 

YnW -> Speci4[M'ni][Ti,...,T r _i] 

I I 
W -> Spec A [M ' n <5] [Ti , . . . , T r ] 

\ I 

Spec A[M'n 6]. 

We have 

TI = Spec fc[M] S CU x fe Spec A [M']. 

Let 

pi : T n k - O fffe , pa : ^ Specfc[M'] 

be the projections. We can find Kummer sheaves /C Xl on CTfc and /C X2 on Spec fc[M'] so that /C x 
is identified with p\K Xl ®p£/C X2 . Using [BBD] 1.4.24, 4.2.7 and 4.2.8, one can verify that on U ak , 
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we have 

ju{K, x [n)) pr*(/C Xl [n-dim(cr)]) ® pr^(/,*(/C X2 [dim(cr)])), 

j*/C x = pr^/C Xl <g) pr*{j'^IC X2 ), 

where 

p^ : £/ CTfe = O ak x k Specfc[M'n<5] -> CTfe , 

pr 2 : C/ CTfe = O ak x k Spec fc[M' n 6} -> Spec fc[M' n (5] 

are the projections, and j' : Spec k[M'] — > Spec /c[M' n <5] is the immersion of the open dense torus 
in Spcck[M'r\5] =X k (E(S)). 

1— ( 1= 

CTfe x fc Specfc[M'] id ^' CTfe x fe Spec/c[M'n<5]. 

By [SGA 4±] [Th. finitudc] Thcoreme 2.13 (with S = Speck), the morphism 

Spec A[M' n (S][7i,..., T^] — > Spec A 

is universally locally acyclic relative to the inverse images of j't*(/C X2 [dim(cr)]) and of j'*lC X2 under 
the composition 

Spec A [M' n i][Ti, . . . ,T r _i] -» Specfc[Af n 5][Ti, . . . ,T r _i] -► Specfc[M' n <$]. 
As the morphism 

y nW" -> Speci4[M'ni][Ti,...,T r _i] 

is etale, we see Y PI W is universally locally acyclic over A relative to the inverse images of 
j'j t (/C X2 [dim(cr)]) and of j'*lC X2 under the composition 

Y n W -> SpecA[M' n<J] -► Specfc[M' n <$]. 

Note that these inverse images coincides with the inverse images of pr^j'i^/C^ [dim(er)])) and of 
pr2(j'»/C X2 ) under the composition 

y nW -► W -► u a -► u ak . 
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By Lemma 2.6 below, Y D W is universally locally acyclic over A relative to the inverse images 
of pr*(/C xl [n-dim(cr)]) ® pr£(j', J/C X2 [dim(fr)])) and of pr*/C xl <g> pr^i'*^)- Therefore Y n W 
is universally locally acyclic over A relative to the inverse images of j\*()C x [n]) and of j»/C x . This 
proves our assertion. 

Lemma 2.6. Let / : X — > 5 be a morphism, /C an object in the derived category D + (X, Z/l a ) of 
etale sheaves of (Z/P)-modules, and T a flat locally constant sheaf of (Z// Q )-modules. Suppose 
/ is locally acyclic relative to K. Then / is locally acyclic relative to T <S> /C. 

Proof. Let s be an arbitrary geometric point in S, let S s be the strict henselization of S at s. and 
let t be an arbitrary geometric point in S g - Fix notations by the following commutative diagram 
of Cartesian squares 

Xj ^ X x s S s ^- X s 

i -> 5 S <- s. 
Since / is locally acyclic relative to /C, the canonical morphism 

PfflxxsS,) i * fl J*J*(' C lxx s S,) 
is an isomorphism. Since J 7 is flat, we have an isomorphism 

i , W X x s S,)8< , W X x s S I )"i'(% Xs S I )®i , «W , (%x s S I ). 

that is 

r((^®/c)| Xxs ^j-r(^| Xxs ^®w(/c| Xxs ^)). 

Since is flat and locally constant, by [SGA 4] Expose XVII 5.2.11.1, we have 

F\xx s S s ®Rj*j*WxxsS s ) = Rj*(f(F\xx s S s )®f(£\xx s S s )) 

So the canonical morphism 

lC)\ Xxs§s ) - i*Rj*j*((F ® /C)| Xxs§s _) 
is an isomorphism. Therefore ® /C is locally acyclic. 
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Proposition 2.7. Let A be a finitely generated /c-algebra, let S be a fan in V, let Y be an effective 
Cartier divisor of A^(E), and let jy ■ Y fl — > y be the open immersion induced by the open 
immersion of the open dense torus in X A (S). Suppose A is an integral domain of dimension d and 
is smooth over k, and suppose for any a € X, the scheme theoretic intersection Y n Oo- is smooth 
over fc and is not equal to O a near any point. (In particular, taking a = 0, we see F n T\ is 
smooth over k and is not equal to T A anywhere). Then we have 

j Y u{K, x \ Y ^ A [n + d-l}) = {ju{K, x [n]))\ Y [d-l], 

where (j!*(/C x [ n ]))l^ an d U*^x)W are the same as in Proposition 2.5, and /C x |rnT™ is the inverse 
image of K x under the composition 

ynT^T^Tj. 



Proof. Let y be an arbitrary point in Y. Choose a £ S such that y e O a . Choose a sublattice 
M' of M such that 

and let <5 be the image of a in M' <X>z R- Again we have 

U a = Spec A[M n <t] Spec A[M fld^Xi Spec A [M' n^^X/i Spec A [M' n 5], 
and we have a commutative diagram of Cartesian squares 





You* 






I 


I 






<- o a 


I 


1 


I 


Spec A 


«- SpecA[M'nc5] 


<- Spec A 


I 


1 


I 


Spec A: 


«- Specfc[M'n(5] 


<— Spec A:. 



Choose an open neighborhood W of y in ?7 CT and g G Cx^(s)(M^) so that Y CiW is defined by g. 
Since A is a smooth fc-algebra, O a = Spec A\M n cr^ 1 ] is smooth over k. Since Y fl O a is smooth 
over k at y and is not equal to O a near y, by [SGA 1] Expose II, Thcorcmc 4.10 (iii), the image 
of dg in (fio„/k)i/ 8 Oo„, fc (y) is nonzero. Hence the image of dg in (^^ <T / fc[M / n5 ]) y ®Ot/„,» k (v) is 
nonzero. By [SGA 1] Expose II, Theoreme 4.10 (i), there exists an open neighborhood W of y in 
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U a so that Y n W is smooth over k[M' n 5}. Choose Kummer sheaves K. Xl on O ak and /C X2 on 
Specfc[M'] so that K x is identified with P*/C X1 ®P2fC X2 , where 

pi : T£ - O fffe , pa : - Spec^M'] 

are the projections. As in the proof of Proposition 2.5, on U<,ki we have 

j\*(K. x [n]) ^ pr*(/C Xl [n-dim(cr)]) ®pr2(i' !st (/C X2 [dim(cr)])), 
j*/C x = pr*/C Xl ® pr^j'./C^), 

where 

pr : : U ak CTfe x fe Specfc[M'n<5] -> CTfe , 

pr 2 : [/ CTfe = O fffe x fc Spec k[M' D5] -> Spec fc[M' n (5] 

are the projections, and j' : Spec fc[M'] — > Spec fc[M' n S] is the immersion of the open dense torus 
in Specfc[M' n S] = Xh(T,(5)). We have the following commutative diagram of Cartesian squares 

Y n W n t™ ^> YnW 

I I 

T n A = Spec A[M] ^ U a = Spec A [M n <r] 

I I 
T£ = Specfc[M] £/ CT/s = Spec fc[M Her] ^ O ak 

P2 I I pr 2 | 

Spec k[M'] C Spccfc[M'n(5] -» Spec A:. 
Since Y (~l W is smooth over Spec fc [M' fl <5], by the smooth base change theorem, on Y n M 7 ", we 
have 

(pr2(j'*^x2))knw = jV.((P2^X2)knTj) 

So we have 

C7*£x)krw = (pri/C Xl ® pr2(j'*/C X2 ))|rnw 

= (pri^xi)l^nu" ®jV.((P2^ X 2)knT5) 

= jV»OV*((prI/C Xl )|rnw) <8 (^K^IrnT™ ) 

= iy*(/C x |yriT S ), 
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where for the third isomorphism, we use [SGA 4] Expose XVII, 5.2.11.1. This proves that 

3Y *(£ x |y nT») = (j*IC x )\ Y 

holds when restricted to Y n W . As W' is a neighborhood of y, and y can be taken to be any 
point in Y, we have the above isomorphism everywhere on Y. Denote the smooth morphism 
Y n W — > Spec&^M' fl S] by /. Its relative dimension is n — dim(er) + d — 1. Using the smooth 
base change theorem and the fact that f*[n — dim(er) + d— 1] is exact with respect to the perverse 
t-structure ([BBD] page 108-109), one can prove the assertion about jt». 

3. Compactification of / : T™ -> A\ 

In this section, we take N to be the lattice Z™ and V — R n . Let 

be a Laurent polynomial with coefficients in a commutative ring A. The Newton polyhedron A(G) 
of G is the convex hull in R™ of the set {i e Z n \ai ^ 0}. For any face r of A(G), set 

G T =Y,^X\ 

Assume dim(A(G)) = n, and let S be a fan which is a subdivision of the fan S(A(G)) in Proposition 
1.2. Let Y be the scheme theoretic closure in the toric scheme Aa(E) of the locus G = in the 
torus = SpecALYi, Af 1 , . . . , A„, A" 1 ]. Here we regard the torus as an open subscheme of 
Aa(E). Note that Aa(E) and Y are proper over A. 

Proposition 3.1. Notation as above. Suppose A is an integral domain. Let a G E and let 

t = F A (G)(c). Then 

(rn{iez>^o})^0. 

Let P e t n {i e Z n \a, ^ 0}. Then we have A~ P G e ^[Z n n ct] and A~ P G T e A[Z™ n o- 1 ]. 
Moreover, on the open subscheme U a = SpecA[Z n P\a] of A^E), YnJ7 CT is the locus of X~ P G = 0, 
and on the torus 0<j = SpecA[Z™ n a- 1 ] (regarded as a subscheme of A^E)), Y n O a is the locus 
of X- p G T = 0. 
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Proof. Since £ is a subdivision of £(A(G)), we can choose a' G £(A(G)) such that a C a'. By 
the construction in Proposition 1.2, F^Q^a') is not empty. As t = F A ( G )(cr) D ^((^(cr'), T i s 
nonempty. Since r is a face of A(G), we must have (t fl {i £ Z n \a,i ^ 0}) ^ by the definition of 
A(G). 

For any v G cr, we have 

^A(G)(«) 3 F A(G) (cr) D T. 

So > (u, v) for any tt' G A(G) and u G r. Hence w G (cone A ( G )(-r)) v . So cr G (cone A ( G )(r)) v 

and hence coneA(G)( T ) C <r. In particular, we have X~ P G G j4[Z" n a]. Since 

r - t G (conc A(G) (r)) n (-cone A(G) (r)) G a (1 (-a) = a^, 

we have X- p G T G A[Z n C\a^]. For any Q G A(G) with Q g r = F A(G) (cr), we have Q £ ^a(G)(«) 
for some v G cr. By the definition of -F A ( G )(w), we must have (Q,v) > (P,v). So Q — P £ a ± . 
Therefore, under the epimorphism 

X~ P G is mapped to A~ p G r . As this epimorphism defines the immersion O a — > C/q-, if we can 
prove y (~1 U a is the locus of X~ P G = in U a , then y n O a is the locus of X~ P G T = in O a . 

Since Y is the scheme theoretic closure in Xa(E) of the locus G — in = SpccAfZ™], to 
prove y fl U a is the locus of X~ P G = in J7 CT , we need to show the kernel of the composition 

A{Z n Ua}-> A{Z n }^ A[Z n }/(G) (1) 

is the ideal generated by X~ P G. Let {v\, . . . , Vk} be a minimal family of generators of cr, and let 
<7i (i = 1, . . . , k) be the rays generated by Vi. Note that cr; are one dimensional faces of a. We have 

k 

a = f] &i and hence 

»=i 

fe 

A[Z" ncr] = p| A[Z n Dai}. 

i=l 

It suffices to show the kernel of the composition 

A[Z n n a,] -► A[Z n ] -» A[Z"]/(G) (2) 

is the ideal generated by X~ P G for each i. Indeed, if this is true and if / lies in the kernel of the 
composition (1), then / lies in the kernel of the composition (2) for each i. Hence / lies in the 
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ideal of A[Z n n &i] generated by X P G for each i. So 

-1^ e f]A[Z n na l ] = A[Z n na], 

that is, / lies in the ideal of A[Z n n <r] generated by X~ P G. 

For each i, Z n / (Z™ n span(<7j)) has no torsion. So Z™ n span(o-i) is a direct factor of Z™. Since 
(Tj is a one-dimensional rational cone, we can choose a basis ei, . . . , e n of Z™ so that <r, is generated 
by ei. Denote by Yi, . . . , Y n the coordinates with respect to this basis. We then have isomorphisms 

A[Z"na 4 ] £* Aln,^,^- 1 ,...,^,^- 1 ], 

A[Z n ] - AlF^Ff 1 ,^,^- 1 ,...,^,^- 1 ]. 

Through these isomorphisms, the open immersion [7 (Ji corresponds to the canonical homo- 

morphism A\Y U Y 2 , Y 2 ~\ Y n , Y" 1 ] ^ A[Y U Yf 1 , Y 2 , Yf 1 , Y n , Yf 1 ]. We need to show the 
kernel of the composition 

4[yi,y 2 ,y 2 - 1 ,...,y n ,y- 1 ] - ^[y^yf 1 ,^,^- 1 ,...,^,^- 1 ] 

-> ^[n, yf 1 , y 2 , Kj- 1 , . . . , y„, y- 1 ]/^) 
= ^[n, yf 1 , y 2 , Fa- 1 , . . . , y„, y^]/{x- p G) 

is the ideal of A[Y U Y 2 , Yf 1 ,..., Y„, Y" 1 ] generated by X~ P G. Let B = A[Y 2 , Yf 1 , . . . , Y n , Yf 1 ]. 
If / lies in the kernel of the above composition, then / = X~ p Gg for some g e B^Yf 1 ]. Note 
that both / and X~ P G arc in £?[Yi]. By the choice of P, X~ P G has a nonzero constant term. 
This implies that g E B[Yi]. So / lies in the ideal of B[Yi] generated by X~ P G. This finishes the 
proof of the proposition. 

Let 

/= ^direAIiaf 1 ,..,!,,,^- 1 ] 

be a Laurent polynomial. Recall that the Newton polyhedron A DO (/) of / at oo is the convex hull 
in R™ of the set {i G Z™|dj ^ 0} U {0}. We say / is non- degenerate with respect to A OCJ (/) if for 
any face r of A OCJ (/) not containing 0, the locus of 

dfr df T _ 

dX 1 8X n 
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in T A is empty. By [SGA 1] Expose II, Corollaire 4.5, this is equivalent to saying that the morphism 

f T : T n A = Spec A[X U X^, . . . ,X n , X" 1 ] - = Spec A[T] 
defined by the ^4-algebra homomorphism 

A[T] -> A[X^X-\ ...,X n , X- 1 ], T i ► / r 

is smooth. 

Let A: be a field, and let / = J2iez n a iX l G k\X\, Xj~ , . . . , X„, X^ 1 ] be a Laurent polynomial 
with coefficients in fc. It defines a k- morphism 

Let 

A = k[T] 

and let 

G = .f-T. 

Regard G as a Laurent polynomial over A. We have 

A(G) - A (X) (/). 

Suppose dim(A OCJ (/)) = n. Let £ be a fan that is a subdivision of S(A (X) (/)), let F be the scheme 
theoretic closure in Xa(E>) of the locus G = in T Al and let g : Y — > Ajf, be the composition 
y — > X^(£) — > Spec A Note that g is proper. The locus of G = in T A is the closed subscheme 
Spec k [T, X 1 , Xf 1 , . . . , X n , X ~ 1 ] / (/ - T) of T n A = Spec k [T, X l , Xf 1 , . . . , X„ , X " 1 ] . Since we have 
an isomorphism 

k[T, X^Xf 1 , X n ,X- x ]/{f - T) 4 fc[X l5 Xf 1 , . . . , X^X" 1 ], T i * /, 

the locus of G = in can be identified with T£ = Spec k[Xi, Xf 1 , . . . , X„, X" 1 ] and the 
restriction of g to this locus can be identified with / : T£ — ► Aj.. So g is a compactification of /. 
Let 

jV : T£ = y n n - y 
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be the open immersion induced by the immersion of the open dense torus in X^(S), and let K, x 
be a Kummer sheaf on TJJ. In the following, we study the properties of jV*^ x an< ^ jV!*(^-xM)- 
We start with a lemma. 

Lemma 3.2. Let 

/= aiX*€k[X u X^\...,X n ,X- x ] 

be a Laurent polynomial over a field fc. Suppose dim(A OCJ (/)) = n. Let E be a subdivision of 
S(A 00 (/)), A = fc[T], G = f — T, Y the scheme theoretic closure in of the locus G = in 

T^, and g : Y~ — > A\ the composition F — > Xa(E) — > Spec A. Let cr e £ and let r = F Aoo ^ (a). 

(i) ynO ff is not equal to O a near any point. 

(ii) Suppose £ r. Choose P £ t fl {i £ Z n |oj 7^ 0} and let Z be the locus of X~ p f T = in 
CTfe = Specfc[Z™ n cr- 1 -]. Then we have a Cartesian diagram 

YC\O a -> Z 

g I i 

A\ — > Specfc. 

If / is non-degenerate, then Z is smooth over fc, and hence Y n O a is smooth over A£, and over fc. 

(iii) Suppose G r. Then we have an isomorphism 

and g|yno„ is identified with the morphism f T : O ak — > Ajf. defined by the fc-algebra homomorphism 

fc[T] -» fc[Z" Per- 1 ], Th/,. 

In particular, FnOj is smooth over fc. If / is non-degenerate and cr 6 E(A (X) (/)), then Y n O ct is 
smooth over outside finitely many closed points. 

Proof. 

(i) Let P e rn({i e Z n |a; ^ 0}U{0}). By Proposition 3.1, FnO ff is the locus of Jf- p G r = 
in O ct = SpecA[Z™ n a 1 -]. Since X~ P G T is nonzero and Ov is integral, Y n CT is not equal to O ct 
near any point. 

(ii) Since ^ r, we have X~ P G T = X~ p f T . As X~ p f T does not involve the variable T, 
Y n CT — > A£ can be obtained from Z — ► Spec fc by base change. 
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Suppose / is non-degenerate. Let's prove Z is smooth. Since Z"/Z™ n cr 1 is torsion free, 
Z" n cr 1 is a direct factor of Z™. Choose a basis {ei, . . . , e„} of Z" so that {ei, . . . , e r } is a basis of 
Z™ Dcr 1 . Let (Yi, . . . , Y„) be the coordinates with respect to this basis. Then X~ p f T G fc[Z" fl cr 1 ] 
only depends on the variables Yi, . . . , Y r . Since / is non-degenerate with respect to Aoo(/) and 
r, the locus of X~ p f T = in T£ is smooth over k. As X~ p f T depends only on Yi, . . . , Y r , the 
locus of X~ p f T = in T£ = Specfc[Z" n cr 1 ] is smooth over k, that is, Z is smooth over k. 

(iii) Now suppose e r. We can then take P = 0. We have G T = / T — T. Since we have an 
isomorphism 

A[z n n c^/c/v — T) = fc[z" n a 1 ], T ~ / T , 

the locus of G T = in CT = Spec A [Z™ n cr 1 ] can be identified with O ak = Specfc[Z" n cr 1 ], and 
5|FnO„ can be identified with the morphism f T : O ak — > A^,. 

Again choose a basis {ei, . . . , e„} of Z" so that {ei, . . . , e r } is a basis of Z" n cr 1 , where 
r = dim(cr 1 ). Let (Yi, . . . , Y„) be the coordinates with respect to this basis. Then f T depend only 
on the coordinates Yi, . . . , Y r . Note that 

A oc (/ r (Y 1 ,...,Y r ))=r. 

If / is non-degenerate with respect to A 00 (/), then / r (Yi, . . . , Y r ) is non-degenerate with respect 
to A oc (/ T (Yi, . . . , Y r )). Furthermore, if cr e S(A 0O (/)), then by Proposition 1.2, we have dim(cr) = 
n — dim(r), and hence 

dim(A 00 (/ T (Y 1 , . . . , Y r ))) = dim(r) = dim^ 1 ) = r. 

By [DL] 3.5, f T : — > Ajf, is then smooth outside finitely many closed points. So Y HO a is 
smooth over Ajf, outside finitely many closed points under our assumption. 

Lemma 3.3. Keep the notations in Lemma 3.2. Suppose dim(A oc (/)) = n, f is non-degenerate, 
and X is a subdivision of E(A oc (/)). Let j : T£ — > Afc(E) be the immersion of the open dense 
torus in Afc(E), and let (j!*(^CxN))l^ an d {j*^x)W tne inverse images under the composition 

Y -> X A (S) -» Xfe(S) 
of j!*(/C x [n]) and j*/C x , respectively. Then we have 

3Yu{K, x [n]) = (ju(IC x [n}))\Y, 
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Proof. By Lemma 3.2, Y C\0 a is smooth over k for any a e S. Our assertion then follows from 
Proposition 2.7. 

Proposition 3.4. Keep the notations in Lemma 3.2. Suppose dim(Aoo(/)) = n, f is non- 
degenerate, and £ is a subdivision of T,(A OQ (f)) with the property that for any a 6 E with 
G fA^/)^), we have a G S(A 00 (/)). 

(i) Outside finitely many closed points in Y, g : Y — > Ajf, is universally locally acyclic relative 
to jY\ t (IC x [n}), and relative to jY„/C x . 

(ii) For any a G £, .g|y n v(o-) ~ > is universally locally acyclic relative to (jy *K>x)\yc\V(v) 
outside finitely many closed points. 

Proof. 

(i) By Lemma 3.3, we have 

3Y\*(1C x [n]) = (ji*(/C x [n]))|y, 
jvSx = (3*£x)\y, 

By Lemma 3.2, Y V\O a is smooth over A outside finitely many closed points for any a 6 S. So 
by Proposition 2.5, F is universally locally acyclic over A relative to C?!*(/C x [n]))|y and relative 
to (j»/C x )|y outside finitely many closed points. Thus g : Y — ► Spec A = Ajf, is universally locally 
acyclic relative jYu(IC x [n]) and relative to jY„/C x outside finitely many closed points. 

(ii) Let 

Pi : T£ = Spccfc[Z™] -» CTfe = Specfc[Z" n cr 1 ] 

be the projection. If IC X is not the inverse image of a Kummcr sheaf on O akl then by Proposition 
2.4, j*/C x vanishes on V(a) k — Spec fc[Z"n<r]. As jy*fc x — (j*^ x )\y, 3y*K x vanishes on YCiV(a). 
Hence g\Yc\V(a) A| is universally locally acyclic relative to (jV»/C x )|y n v(<r) in this case. 

Now suppose /C x = p\lC Xl for some Kummer sheaf IC Xl on O a k- Let Si = star(cr) and let 
ji '■ O ak — > -Xfc(Ei) = l^(cr) fc be the immersion of the open dense torus. By Proposition 2.4, we 
have 

{j*1^x)\v(<j) k - h*£ X i- 
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So we have 



C?V*£ x )|rnv(CT) — (j*^x)|rnv(o-) 

— (iu^xi)lrny(o-)- 

For each r e Si, by Lemma 3.2, Y (~) O t is smooth over A outside finitely many points. So by 
Proposition 2.5 applied to the toric scheme Xa(^i) = V(<r) and the Cartier divisor Y (1 V(a), 
Y n V(a) is universally locally acyclic over A relative to (ji*/C Xl )|yny(<r) outside finitely many 
closed points. Hence YnV(a) is universally locally acyclic over A relative to (]y *K- x )\y r\v (a) 
outside finitely many closed points. 

Lemma 3.5. Let Y be a scheme of finite type over a field k, T a Q r sheaf on Y, J a finite set, 
and Yj a closed subscheme of Y for each j 6 J. For any 7 C J, let 

^=n^ *7=^- u y i- 

jei jeJ-i 
We have Y = Y, and we denote Y ° = Y - U jeJ ^ by Y°. 

(i) Let g :Y —> A.\ be a fc-morphism. Suppose R l (g\y°))J r are tame at oo for all 7 C J and all 
i. Then ^(^Iy^)]^ 7 are tame at oo for all 7 C J and all i. In particular, B?g\F are tame at oo for 
all i. 

(ii) Conversely, suppose R t (g\Y I )\T are tame at oo for all 7 C J and all i. Then R % (g\y°)\J : 
are tame at oo for all 7 C J and all i. In particular, R l (g\Y°)\J- are tame at oo for all i. 

(hi) Let 4> be an integer valued function on the power set of J with the property (fi(I') < (f)(1) 
for any I C I' C J. Suppose i7*(Y 7 ° ® k 7c, T 7 ) = for all 7 C J and all i > (f)(1). Then 
HKY^kk.T) = for all 7 C J and all i > (f)(1). In particular, H l c (Y ® k k, T) = for all i > (f)(%). 

(iv) Let (f> be as in (hi). Suppose furthermore that for any 7 C 7' C J with Yj/ 7^ 0, Yj, we have 
0(7') < 0(7). If 77* (Yj ® fe fc, T 7 ) = for all 7 C J and all i > (f)(1), then 77* (Y/ ® fc fc, J 7 ) = for all 
7 C J and all i > 0(7). In particular, 77* (Y° ® fc fc, T) = for all i > (f)(9). 

Proof. We will prove (i) and (iv). The proof of (ii) and (hi) is similar. 

(i) It suffices to prove R l g\J r are tame at 00 for all i. Indeed, applying this result to g\Y r and 
the closed subschemes Yj n Yj (j £ J — 7), we see R l (g\Y I )\J- are tame at 00 for all i and all 7 C J. 
We use induction on the number of elements of J. The case where J = is trivial. If J = {1}, we 
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have Y ° = Y — Y\ and Yj = Y\. By our assumption, R t (g\Y-Y 1 )\3 r an d R l {g\Y 1 )\J~ are tame at 
oo. We have a long exact sequence 

It follows that R l g\F are tame at oo. Suppose J = {1, . . . , m} (m > 2) and suppose our assertion 
holds for those J with less than to elements. Applying the induction hypothesis to Y — Yi and 
the closed subschemes Yj — Y\ (j 6 J — {1}), we see R t (g\Y-Y 1 )\^ r are tame at oo. Applying the 
induction hypothesis to Y\ and the closed subschemes Y\ n Yj {j £ J- {1}), we see R l {g\y 1 )\J : are 
tame at oo. It follows from the previous long exact sequence that R % g\T are tame at oo. 

(iv) As in (i), it suffices to show H l c (Y° ® k k,F = for i > 0(0). We use induction on the 
number of element of J. The case where J = is trivial. If J = {1}, we have Y$ = Y, Yj = Y\ 
and Y° = Y - Y x . The cases where Yj = or Yj = Y arc trivial. Suppose Yj ± 0, Y . Then 
0(J) < 0(0). We have a long exact sequence 

• ■ ■ - H i ~\Y 1 ® k k, F) - W C ((Y - Y x ) ® k k, T)^W c {Y® k k,T)^---. 

By our assumption, we have if* _1 (Yi ®fc k, T) = for i — 1 > 0(J) and H % C (Y fc, J 7 ) = for 
i > 0(0). It follows that Hi((Y - Yi) ® fe fc, J 7 ) = for i > 0(0). Let J = {1, . . . , to} (to > 2) 
and suppose our assertion holds for those J with less than to elements. Applying the induction 
hypothesis to Y and the closed subschemes Yj (j 6 J— {1}), we see H l ((Y — U,/i ^S') ®k fc, JF) = 
for all i > 0(0). Applying the induction hypothesis to Y x and the closed subschemes Yi n Y, 
(j G J - {1}), we see iT" 1 ^ - (J^i *j) ®fc fe, J 7 ) = for alH - 1 > 0({1}). We have a long 
exact sequence 

■ ■ ■ - iT" 1 ((Yj - U Yj) ® fc fc, ^) - JT((Y - |J Yj) ® fe k, F) - /T((Y - (J ®* ^ ~> ' • • • 

If Yj ^ 0, Y, then 0({1}) < 0(0). It follows that iT((Y - |Jj *j) ®fc k,F) = for all i > 0(0). If 
Yi = 0, then /P((Y - U, Y,) ® k k, T) = H\(Y - Yj) ® fc k,F) = for i > 0(0). If Y 1 = Y, 
then Y - \J j Yj = and iP((Y - (Jj *j) ®k k,F = ® for all i. 

Lemma 3.6. Let k be a field. Suppose / : TJJ — ► Ajf, is a fc-morphism defined by a Laurent 
polynomial / G fc[Ai, Xf 1 , . . . , X n , X~ x ] that is non-degenerate with respect to A OCJ (/). Then 
R % f\K, x are tame at oo for all i. 
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Proof. For the Kummer covering 

H : T fe -» *™ m , 

we have 

[m].Q,s0AC x , 

x 

where \ '■ Hm(k) n — > Q ; * goes over the set of characters of fj, m (k) n . The composition /o[m] is defined 
by the Laurent polynomial /(a;™, . . . , x™). It is not hard to see that this Laurent polynomial is 
non-degenerate with respect to its Newton polyhedron at oo. So by [DL] 4.2, R l (f o [m])iQj are 
tame at oo for all i. We have 

x 

So R l f\K x are tame at oo for all i and all \. 

Lemma 3.7. Keep the notations in Lemma 3.2. Suppose / is non-degenerate, dim(A oc (/)) = n, 
£ is a subdivision of S(A 00 (/)), and cr e S so that ^ ^A oc (/)( cr )- Then -R^glrno^MjV^^xM)) 
and R % {g\Yc\0„)\{jY *K-x) are constant sheaves. 

Proof. By Lemma 3.2 (ii), we have a commutative diagram of Cartesian squares 

yno„ ^ z 
I I 

X A (E) - X fe (S) 

I I 
A£ — > Specfc, 

where Z is a closed subscheme of Oo- fe and we regard O a k &s a subscheme of Xfe(S). Let j : TJJ — > 
-Xfc(E) be the immersion of the open dense torus in Xfe(S). By Lemma 3.3, we have 

jV,.(JC x [n]) = {3^x[n]))W, 
JY J1C X ) = {j*K x )\ Y . 

Fix notations by the following diagram 

YC\O a ^ Z 
9 I I A 

Aj. A Spec k, 
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By the proper base change theorem, we have 

R l {g\ynoMjY^ x ) = R^gWnoMiMWno^) 

= R l {9\Yno^.p'*({j^ x )\z) 
- p*R i \,((j*1C x )\ z ), 

that is, 

Hence R l (g\Yno <J )'.{jY *^x) are constant for all i. Similarly, R l {g\Yno <J )<{jY\*(fcxl n \)) are a l so 
constant for all i. 

Proposition 3.8. Keep the notations in Lemma 3.2. Suppose dim(A 00 (/)) = n, / is non- 
degenerate, and S is a subdivision of S(A OQ (/)). For any a G E, i? J (g|yny(cr))*(.7V!*(^x[ n ])) anc ^ 
-fi >i (5'li'nv((T))*(jy*^x) are tame & t oo for all i. In particular, taking a = 0, we see i?*g*(jy !st (/C x [n])) 
and R l g*(jY*)C x ) are tame at oo for all «. 

Proof. Let J be the set of one dimensional cones in E, and for each a € J, let Y CT = Y n V~(er). 
For any subset / = {<7i, . . . , oy} of J, we have 



= ^nfrW*) 



\=1 <Ti-;7 



V (Ti,...,(T r ^7 

So if a is the smallest cone in E containing ci , . . . , oy , then we have 

Yj = Y nV(a). 

If there is no cone in E containing all o\, . . . , oy, then Yj = 0. Note that since <ti, . . . , oy are one- 
dimensional cones in E, the smallest cone in E containing <ti, . . . , oy is exactly the cone generated 
by cti, . . . , oy if this cone lies in E. Suppose J — I = {oy+i, . . . , oy}. Then we have 



z=r+l 
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- Y n( n o 7 - u n o 7 ) 
= ^n( n 

(Ti , . . . , <7 r -< 7 

oy+i, . . . , cr s ^ 7 

where cr is again the cone in E generated by <ri, . . . , oy. (If the cone generated by <j\, . . . ,a r 
does not lie in S, then = 0.) By Lemma 3.5 (i), to prove our assertion, it suffices to show 
that for any a 6 X, R t (g\Yno„)*(jY\*(^xl n \)) an< ^ ^(sl^ncO* C/y*^x) are tame at 00 for all 
z. If ^ ^A 00 (/)( cr ) ) this follows from Lemma 3.7. Suppose £ ^A 00 (/)( <:7 ')- By Lemma 3.2 
(iii), y fl 0<j can be identified with CTfe and g|yno„ : ^ H O a — > can be identified with 
/ r : CTfe — > Aj., where t = F^^^^a). Using Lemma 3.3, one can check (jY\*{lCxl n ]))WnOc an d 
(jVu^Jl^no,, are identified with (j\*(IC x [n]j)\o ak and (j*lC x )\o ak , respectively. So it suffice to 
verify R l fT\{{j\*{^x[ n \))\o„ k ) an d -RVTi((j*^ x )|o CTfc ) are tame at 00 for all i. This follows from 
Lemma 3.6 and the description of {j\*{IC x [n]))\o„ k and {j*K. x )\o ak in Lemma 2.3. This finishes 
the proof of the proposition. 

A Laurent polynomial 

iGZ" 

is called O-non-degenerate with respect to its Newton polyhedron A(G) if for any face r of A(G), 
the locus of G T = J2ier a iX l = in T£ is smooth over fc. 

Proposition 3.9. Let G(Xi, . . . , X„) € fc[Xi, Xf , . . . , X„, -X"" 1 ] be a Laurent polynomial that 
is O-non-degenerate with respect to A(G). Then 

Xc (n n G-\Q),1C X ) = (-lr-'nWoliAiG)), 

where 

Xc(Tf n G-^O), K x ) = £(-l)Mim^(T| n G^O), JC X ) 

i 

is the Euler characteristic. 
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Proof. Let r = dim(A(G)). If r < n, then after a suitable change of coordinates on the torus, we 
may assume G depends on r variables. Without loss of generality, assume 

G(X 1 , . . . , X n ) — H(Xi, . . . , X r ) 

for some Laurent polynomial H{X\, . . . , X r ). Then we have 

T n k nG- 1 (o) = (TinH- 1 (o))x- k T n k - r . 

Let 

pi : n = ti x Tr r - n, P2 ■. n = n x T n k - r -+ 

be the projections. We can find Kummer sheaves K. Xl on T k and /C X2 on T k ~ r so that 
By the Kiinneth formula, we have 

XcCrgnG- 1 ^),^) - Xc ((T^ni/- 1 (0))x £ T^, Pl /c xl ®^/c X2 ) 
= xc(T|n J ff- 1 (o),x; xl )xc(Tr r ,/c X2 ). 

We have 

Xc (Tr r ,/C X2 ) = 0. 

(To see this, we use the Kiinneth formula to reduce to the case where the dimension of the torus 
is 1. We then use the Grothendieck-Ogg-Shafarevich formula.) It follows that 

Xc (T n k n G-^O), K x ) = = (-lr^nlvoliAiG)). 

Now suppose dimA(G) = n. Let S be a regular fan that is a subdivision of E(A(G)). Let Y 
be the scheme theoretic closure in Xfe(S) of the locus G = in TjJ. By Proposition 3.1 and the 
assumption that G is O-non-degenerate with respect to A(G), Y n O a is smooth over k for any 
uSS. By [DL] 2.3, Y is smooth over k. So Y is a smooth compactification of the locus G = in 
T£. Note that (/C x )| T ^ nG -i (0) is tamely ramified along Y - (T' k n G" 1 ^)) in the sense of [II] 2.6. 
(Indeed, the inverse image of tC x under the Kummer covering 
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is constant.) So by [II] 2.7, we have 

Xc (T™ n G-\o),IC x ) = xdn n G-^o), Q ; ). 

(To apply [II] 2.7, we only require Y is a normal compactification of the locus G = in T£. If 
we take £ to be just an arbitrary subdivision of £(A(G)), then using [DL] 2.3, one can verify Y is 
normal. So S being regular is not necessary for our purpose.) By [DL] 2.7, we have 

X C {TI n G-^O), Q,) = (-lr^nlvoKAtG)). 

So we have 

Xc (Tf n G-^O),^) = (-lJ^nlvol^G)). 



4. Cohomology and weights 



In this section, A: is a finite field of characteristic p with q elements, ip : (fc, +) — > Q z a nontrivial 
additive character, and £,/, the lisse sheaf of rank 1 on Ajf. obtained by pushing- forward the A k (k)- 
torsor 

- Ajt(fe) - A* £ A* - 

by V -1 ; where 

P : Aj. ^ Aj., x x 9 - x 

is the Artin-Schrcicr covering. 

The following lemma is essentially Propositions 3.1 and 7.1 in [DL]. We include its proof for 
completeness. 

Lemma 4.1. Let Y be a scheme of finite type over k, let g : Y — > A^ a proper fc-morphism, and let 
JC be an object in the derived category D b c (Y, Q ; ) of Q r shcaves on Y defined in [D] 1.1.2. Suppose 
R l g*JC are tame at oo for all i, and suppose g is locally acyclic relative to JC outside finitely many 
closed points. 

(i) The canonical homomorphisms 

W C (Y ® k k,JC® g*Cp) -» W(Y ® k k,JC® g*C^) 
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are isomorphisms for all i. 

(ii) If K. is perverse, then 

Hl{Y ® k k,lC®g*C^) = 

for all i > 0. 

(iii) Suppose Y is pure of dimension n and /C is a Q r sheaf. Then 

IP C (Y ® k ~k,JC®g*C i ,) = i) 

for all i > n. 
Proof. 

(i) Let t : A k P£ be the canonical open immersion. Since R 3 g*K are tame at oo and is 
totally wild at oo, we have 

(i*(R 3 gJC ® A/OW = 0. 

By [SGA 4^] [Sommes trig.] Proposition 1.19 and Exemple 1.19.1, the canonical homomorphisms 

H l c (A\,Wg.X ® -> H i (Al,R>g t K <8> C+) 

are isomorphisms. We have spectral sequences 

E% = Hi{A\, R 3 g*K ® ZV) £* fl^A*, i^*(/C ® g*/^)) =► flj +J '(y ® fc k, K ® <7*£^), 
=H\A\,R?g*1C®C^) ^ H\A\,R 3 g^K ® g* C^,)) => H l+3 {Y ® fc fc, /C ® <?*£,/,), 

where to get the first spectral sequence, we use the assumption that g is proper. It follows that 
the canonical homomorphisms 

IT C (Y ® k k,K® g*C,p) -» JP(Y ® fc fc, /C ® 5 *Z^) 

are isomorphisms. 

(ii) Let s be an arbitrary closed point in A\, S the henselization of at s, and r\ the generic 
point of S. Since 5 is proper, we have a long exact sequence 

••• -> W{X- S X) -» Hl(X n ,K) -► W(X- S ,R$(1C)) 
(R 3 g*K.) s (R 3 g*)C) n 
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where i?$ is the vanishing cycle functor. Since g is locally acyclic relative to K, outside finitely 
many closed points, i?<I>(/C) is supported on finitely many closed points. By [12] Corollaire 4.6, 
i?<j>(/C)[— 1] is perverse. It follows that 

H*(x s ,m(ic))= (ff +1 $(/c)[-i]) £ = o 

xesuppiR^iK.)) 

for all j > 0. The above long exact sequence then shows that ffl g*{K,) are lisse on for all j > 1, 
and is an extension of a lisse sheaf by a punctual sheaf for j = 0. As Wg*K. are tame at oo, all 
these lisse sheaves are constant on A|. It follows that H l c (A^, B?g*K, ® Cp) = if j > 1, and if 
j = and i > 1. As in the proof of (i), the canonical homomorphisms 

H l c (Aj_, R> g*fC ® -» H^A^Wg^K ® 

are isomorphisms for all i. Combined with the Weak Lefschetz theorem, we get i?*(Ai R? g*K, ® 
Cp) = for all i > 2. It follows that H l c {A^, Rig^K. ® A/,) = for all i + j > 0. We have a spectral 
sequence 

= Hi{A\,Wg,K ® H**(Y ® fc fc, /C ® g*C^). 

So we have H l c (Y ® k k,K® 3* A/>) = for all i > 0. 

(iii) The proof is similar to that of (ii). Instead of using the perversity of i?$(/C)[— 1] in (i), we 
use the fact that R j $(K.) = for j > n - 1 QSGA 7] Expose I, 4.2). We leave the details to the 
reader. 

We are now ready to prove the main theorem of this paper. 

Theorem 4.2. Let / : T£ — ► A^ be a fc-morphism defined by a Laurent polynomial / G 
k[Xi, Xf 1 , . . . , X n , A" 1 ] that is non-degenerate with respect to A OCJ (/) and let JC X be a Rum- 
mer sheaf on T£. Suppose dim(A oc (/)) = n. Then 

(i) JZ*(Tg, /C x <g> /*£,/,) = for i ^ n. 

(ii) dim(tf c "(Tf ,/C x ® f*C^)) = n!vol(A oc (/)). 

(iii) Let 

£(T£,/, X ) = 5> W T™, 
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where e w is the number of eigenvalues with weight w counted with multiplicities of the geometric 
Frobenius element F in Gal(fc/fe) acting on H l c (T^,IC x ® /*£,/,). Then E(T%,f, \) is a polynomial 
of degree < n, and 

e n = e(A oc (/),x), 

where E(A oc (f),x) and e(A oc (/),x) are defined in the introduction. 

(iv) If is an interior point of A 00 (/), then H™(T?, IC X ® /*A/>) is pure of weight n. 

Proof. 

(i) Let E be a subdivision of E(A OCJ (/)) such that for any cr G E with G J 7 a 00 (/)( ')i we 
have cr G E(Aoo(/)). Let A = k[T], let y be the scheme theoretic closure in X^(E) of the locus 
/ - T = in T£, and let 3 : Y -> A* be the composition Y -> X A (E) Spec A. Then 5 is 
proper and .g|y n Tj can be identified with / : T™ -> A*. Let j y : T™ = Y n ->■ Y be the 
open immersion induced by the immersion of the open dense torus T\ in X^(E). By Proposition 
3.4 (ii), for any a G E, g : Y n V(ct) — > A^ is locally acyclic relative to (jV*/C x )|ynv(o-) outside 
finitely many closed points. By Proposition 3.8, R I (g\Ynv{a))*(jY *^x) are tame at oo for all i. 
By Lemma 4.1 (iii), we have 

Hi((YnV(a))® k k,j Y *)C x ®g*U) = o 

for all i > dim(Y n V(<r)) = n — dim(cr). Let J be the set of nonzero cones in E. For each a G J, 
let Y„ = Y n V(a). Then for any ui, . . . , oy G J, we have 

Y CTl n---nY CTr = ^flffV^)) 

^ct! ,...,cr r -;7 ' 

So if cr is the smallest cone in E containing <7i, . . . , oy, then we have 

Y CTl n-nr, r =Ynv{a). 



50 



If there is no cone in £ containing <j\, . . . , oy, then Y ai n • • • Pi Y ar is empty. The condition of 
Lemma 3.5 (iv) holds with 

0({cti, . . . , <J r }) = dim(F CTl n • • • n Y„ r ). 

So we have 



H 1 c (Jy-\J Y^j ® k k,j Y *K, x ®g*C^j =0 



for all i > dim(F) = n, that is, 

fl2(Tg,/C x ®/*ZV) = 
for all i > n. By the Weak Lefschetz theorem and Poincare duality, we have 

flj(Tg,/C x ®rZV) = 

for all i < n. This proves (i). 
(ii) By (i), we have 

di m (tf c "(Tf,/C x ®/*^)) = (-l)"Xc(Tf, AC X ® 

So it suffices to show 

Xc(T£,/C x ®/*ZV) = (-l)"n!vol(A 00 (/)). 

We have 

Xc(Tg, /C x ®/*^) - ^(A^iZ/,^®/*^)) 

Since is a lisse sheaf of rank 1 on A[, for any closed point x in A|, we have 

sw x (Rf\X x ® A/>) = sw x (Rf\JC x ). 

Applying the Grothendieck-Ogg-Shafarevich formula ([SGA 5] Expose X, 7.1) to both Xc(A^, RfitC^ 
C^p) and to Xc(A|, Rf\K, x ), we see that 

Xc(Al, Rf,IC x ® £</>) = Xc{Al, Rf,IC x ) + sw 00 (i?/,/C x ) - sw 00 (i?/./C x ® A/,). 

By Lemma 3.6, R l f\K, x are tame at oo for all i. So 

sw oc (i?/ ! /C x ) = 0. 
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Moreover, £^ has Swan conductor 1 at oo and has rank 1. So we have 

sw 00 (J?/ l X: x <g> A/>) = rank(i?/i/C x ) = xAf^ 1 ^),^), 
where r\ is the generic point of A^. Therefore, we have 

Xc(A£,iJ/,/C x ®ZV) = Xc (Ai,i?/ ! /C x )-Xc(r 1 (^),/C x ) 

Note that 



So we have 



Therefore 



Xc (A^, J R/ ! /C x )=Xc(n i ,/C x ) = 0. 
Xc(Al Rf,X x ® /V) - -XcCT 1 ^), K x ) 



Xc(A-l, Rf\lC x (g> £,(,) = -Xc(.f l {a),K x ) 

for sufficiently general geometric point a in Ak We claim that for sufficiently general a, the 
Laurent polynomial G = f — a is O-non-degenerate with respect to A(G) = A oc (/). Hence by 
Proposition 3.9, we have 

Xc(f-\a),lC x ) = xdnnG-^O),^) 
= (-l)"- 1 n!vol(A(G)) 
= (-f)"- 1 n!vol(A oc (/)). 

Therefore 

Xc (n, K x % f*L+) = (-l)"n!vol(A oc (/)). 

Let's prove our claim. If r is a face of A(G) that does not contain 0, then G T = f T (for any a). 
Since / is non-degenerate with respect to A oc (/), the system of equations 

dfr _ _ df r _ 

dX x " ' dX n 

has no solution in T?. So the locus of G T — in T£ is smooth over k (for any a). Now suppose 
r is a face of A(G) containing 0. Then A OC) (/ T ) = r and G r = f T — a. Note that f T : T£ — » Ajf, 
is non-degenerate with respect to A 00 (/ T ). By [DL] 4.3, there exists a finite set 5 of closed points 
in A\ such that / T is smooth outside f 1 T 1 (S). Choose a to be outside S. Then the locus of 
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G T = f T — a = in T£ is smooth over k. So for sufficiently general a, G is O-non-degenerate with 
respect to A(G). This finishes the proof of (ii). 

(iii) By Proposition 3.4 (i), g : Y — > is locally acyclic relative to jV|*(/C x [n]) outside finitely 
many closed points. By Proposition 3.8, R l g*(jy \*{lC x [n])) are tame at oo for all i. By Lemma 4.1 
(ii), we have 

H l c {Y® k k,j Yu {K x [n])®g*C il )=Q 
for all i > 0. Replacing x by and tjj by V' -1 , we see 

K(Y ® k kJy^lC^ [n]) ® fl *^-0 = 
for all i > 0. By Lemma 4.1 (i), this implies that 

fr(y® fc k,j Yi *(1C x -i[n])®g*£i,-i) = 
for alH > 0. By Poincare duality, we have an isomorphism 

H l c {Y® k k,3Y\*{K^[n\)®g*Ci,) = Rom(^H-'(Y ® fe k,j Y <AlC x -i [n]) ® g*£^,-i), Qj(-n)^ . 

Here we use the fact that the Verdier dual of jy^(/C x [n]) ® #*£,/, is jV|#(/C x -i [n]) ® g* C^-i (n). It 
follows that 

flj(r® fc fc,ir!*(/C x [n])® fl *£^)=0 
also for all i < 0. Moreover, the main theorem of [D] ([D] 3.3.1 and 6.2.3) implies that H° C (Y <g> fe 
k, jVi*(^xt n ]) ® 9*£-4>) i s P ure 01 weight n. For any mixed object if in the derived category 
D b c (s, Qj), where s = Spccfc, define its Poincare polynomial to be 

p w = E Et- 1 )* 6 - 7 ™' 

where is the number of eigenvalues with weight w counted with multiplicities of the geometric 
Frobenius element F in Gal(fc/fc) acting on H l (K s ). We often write P{K) as P{K S ) by abuse of 
notations. By the above discussion, we have 

P(RT C (Y ® k k,j Yu {K x [n})®g*C^)) = bT n , 

where b = dim(H®(Y ® fe k , jy u (JC x [n]) <g> g*C^)). As Y~ is the disjoint union of F fl O ff (<r G £), 
and the cone cr — corresponds to Y D T r \ = T£, we have 
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= {-l) n P(RT c {Tl,j Yu {K x [n]) ® 9*£+)) 

= (-1)" (p(RT c (Y ® fc fc,jy,,(X; x [n]) ® g*Cip)) - £ P(i?r c ((F n O a ) ® k k,j Yu {K, x [n]) ® g*^)) 



<T^0 



(-1)" - ^ P(RT C ((Y n CT ) ® fc fc, j Y ,J>C x [n]) ® . 9 *A/>))) ■ 



<j#0 

We claim that if ^ ^A 00 (/)(f), then 



flj((y n CT ) ® fc k,j Yu ()C x [n})®g*£^ = 

for all i. Indeed, by Lemma 3.7, R 3 ' (g\YnO„)\(jY !*(^xN) ® A/0 are constant sheaves on A\ for 
all j. It follows that 

Hi{AlW{g\ Yn0 M3Yu{KM)) ®£*)=0 
for all Our claim then follows from the spectral sequence 

Eii = Hi(Al,W(g\ Yn0 MjYu(KxM))®U) = Hi{A\,W{g\ Yn0 Mfru{KM) ® 9* ^)) 
=> Hi+i((Y n O a ) ® fc k,j Yu {K x [n]) ® g*C^). 

So we have 

P(i?r c (T^,/C x ®r£^)) = (-l) n (bT n - Yl P{RT c {(YC\O a )® k k, ]Yu {^ x M)®9*^))) 

For those a with <E ^A^mO 7 )) by Lemma 3.2 (iii), F n O a can be identified with O ak and 
5kno„ : Y n O a —> A\ can be identified with f Ttr : O ak -> A£, where = F a=o(/ )((t). Using 
Lemma 3.3, one can check (j Y \^(IC x [n]))\ Y r,o a is identified with (j\*(IC x [n]))\o a k - So we have 

P{RT c {Tl,K x ®r^)) = Y, P{RV c {O a - k ,{MK x [n]))\o, k ®f;^))\ 

V ^o,oeF Aoo(/) M y 

By Lemma 2.3, if JC X is not the inverse image of a Kummer sheaf on O ak under the projection 

Pa : T£ = Specfc[Z™] -» CTfc = Spec fc[Z" n tr^], 

then (j!*(/Cx[ n ]))lo CT)s is acyclic. Let 5 be the set of those cones a in £ so that a ^ 0, £ ^A 00 (/)(c) ; 
and /C x = p*IC Xa for a Kummer sheaf /C Xct on Oo-^. For each a £ S, let <5 CT be the image of <r 
under the projection R™ R"/^, let j' a : Specfc[Z"/Z™ n a- 1 ] -> X fe (£(<5 CT )) be the immersion 
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of the open dense torus in Xk(T,(5 a )), let x a be the distinguished point in X k (T,(6 a )), and let 
7i"cr : O ak — ► Spec A: be the structure morphism. Then by Lemma 2.3, we have 

(M>C x [n}))\o, k = (£ x > - dim(<7)]) ®7rX(i; u (Qjdim(a)])). 
Therefore we have 

p(pr c (Tf,/c x ®/*/^)) 

- (-1)" (V - £ P(Pr c (C^, (/C x > - dim(a)]) ® JQ ; [dim(a)])) ® /;^)) 

= (-l)"(6T"-£(-l)"- dim (-)p(i?r c (0 CT ,,/C x ^/; CT ^))P(<(^ ! ,(Q i [dim( ( r)]))) 

By Remark 2.2 and the fact that the polynomial a(S a ) involves only even powers of T, we have 

P(<(j^(Qjdim(a)]))) = (-ir^a(S a ). 

So we get 

P(Pr c (Tf , K x ® = (-1)" (bT" {-V n P{R?c{O a - k ,K, x „ ® f:^))a(S a )) . 

By (i), we have 

E(T£,f, X ) = (-l)"P(Pr c (T^/C x ®/*^)) 

E(o ak ,f Tcr , x ,) = (-ir- dim(ff) P(pr c (o^,/c x ^/ T ;^)). 

So we finally get 

crSS 

To get an explicit formula for P(T£,/, \), we now take X = S(Aoo(/)). By Proposition 1.2, 

r i ^ (cone Aoo(/) (r)) v 

defines a one-to-one correspondence between faces of Aoo(/) and cones in S(A 00 (/)). Moreover, 
for o> = (coneA oc (/)(T)) v , we have 

r = F Aoo{f) (a T ), 
dim(cr T ) = n — dim(r), 

=CTrn(-<r r ) = (cone Aoo (/) (t)) n (-cone Aoo (/) (r)) = span(T-r), 
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and the image of a T = cone Aoo (j)(r) in R n /a T J - is just cone^ (/)( T )- Let T be the set of faces 
t of A oc (/) so that r 7^ A 00 (/), 6 r, and A^ x = p*/C r for a Kummer sheaf /C T on T T = 
Spec A; [Z" n span(r — r)], where 

p T : T£ = Specfc[Z"] -> T r = Spccfc[Z" n span(r - r)] 

is the projection. Note that T corresponds to the set S under the one-to-one correspondence 
t i ► (coneA 00 (/)('r)) v . We then have 

£7(T£, /, X ) = foT" - J2(-^ n ~ dhn{T) E(Tr,fr,Xr)a(cone° AooU) (T)). 

By (ii), we have 

£(T£,/, X )(1) = nlvoKAooC/)), 
B(T T ,/ T)X r)(l) = (dim(r))!vol(r). 

Evaluating the above equality at 1, we get 

b = rclvoKA^/)) + ^(-l)"- dim ^)(dim(r))!vol(r) a (cone^ oo(/) (r))(l), 

tGT 

that is, b = e(A 00 (/),x)- So we have 

£(T£,/,x) - eiAMxW - ^(-^ n - dim{T) E(Tr,fr,Xr)a(cone a Aoo{f) (T)). 
Using this expression, the definition of E(A 00 (f), x), and induction on dim(A 00 (/)), we get 

S(T2,/,x) = S(A 00 (/), X ). 

By [D] 3.3.1 and 3.3.3, fl£(T£, /C x &/*£,/>)) is mixed with weights between and n. So E(T^,f, \) 
is a polynomial of degree < n. By the definition of a, we have 

deg(a(cone^ oo(/) (r))) < dim(cone^ oo(/) (r)) - 1 = n - dim(r) - 1. 

Moreover, we have 

deg(£(T r ,/ r ,Xr)) <dim(r). 
It now follows from the expression 

E(T n k , /, X ) = e(A 00 (/),x)T" - ^(-l)»- dim W£7(T T) f T , X r)a(cone Aoo{f) (r)) 
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that 

e„ = e(A 00 (/),x). 

(iv) Since is an interior point of A QO (/), for any nonzero a e X, we have ^ i 7 A 00 (/)(< T )- We 
have seen in the proof of (iii) that this implies 

W c ((YnO a ) ® k k,j Y UIC x [n}) ® g*C^) = 

for all i. Since Y — Y n is the disjoint union of 7 n O a for nonzero cr, we have 

Hl((Y -YDT n A ) ® fc fc, jYu{K, x [n]) ® 9*^) = 

for all i. (We can also apply Lemma 3.5 (iii) to Y — Y n T^, J = {cr G £|dim(cr) = 1}, and the 
closed subschemes (Y -YD T^) n V(a) = Y n V(ct) (cr e J).) So we have 

flj((y n Tl) ® fc fc, jy.J/CJn]) ® 3*^) = flj(y ® fe fc, jvu{lC x [n}) ® 3*^/0 

for all i, that is, 

Hi +n {Tl,K x ® - F*(y ® fc fc, jrU/CJn]) ® g*A/,) 

for i. In the proof of (iii), we have seen H®(Y ®fc fc, jVi*(/C x [n]) <g> g*C-4>) is pure of weight n. So 
ff£(T£, /C x (g) /*£,/,) is pure of weight n. 
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